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Introduction to wxMaxima

Nl N3l

Mathematical Analysis supported by wxMaxima
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Basic terms

wxMaxima is a document based interface for the computer algebra system Maxima.
wxMaxima is distributed under the GPL license.

The program can be compiled in various OS (Windows, GNU/Linux, MacOS X, ...).
xMaxima is a graphical interface for Maxima, written in Tcl/Tk.

Maxima is one of the Open Source programs with open source code.

A precompiled program for GNU/Linux and Windows is available free of charge on the
SourceForge website https://sourceforge.net/projects/maxima/files/.

After starting the wxMaxima environment, a menu window will appear on the screen.

Below the menu is a space where we can enter commands and where outputs appear.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


https://sourceforge.net/projects/maxima/files/
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

Basic terms

o We enter commands on separate lines (input lines).

Their execution is ensured by simultaneously pressing the keys and

or by clicking on in the menu icon ® (Send the current cell to maxima).
o Input lines are listed with (%il).
o Output lines are listed with (%o1).

@ The numbers for the input line and the corresponding output line are identical and based
on this number, we can refer to the content of these lines.

(%il) First input line.
(%o0l) First output line.
(%i2) Second input line.
(%02) Second output line.
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Basic terms

e The commands are executed on new separate lines (output lines).

o Commands on input lines can be terminated with the symbol ;
or the $ symbol, which suppresses the display of the corresponding output.

%il) solve (0=x+2,x);
%o0l) [x = —2]

%i2) %hil;

%02) solve(0 = x +2,x)
%i3) %ol

(
(
(
(
(
(%03) [x = —2]
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Basic terms

We can save the output in various shapes and then use it in other programs.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


https://maxima.sourceforge.io/docs/manual/maxima_369.html
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

Basic terms

We can save the output in various shapes and then use it in other programs.

(%03) [x = f%x = 0]

Output (%03) from the previous window we can:

o Copy |[Ctrl C|and[Ctrl V] respectively copy as text (can be used eg. for MSWord
equation editor): x=-2/3,%=0,

o Copy as IATEX \ [x=-\frac{2}{3}\operatorname{, }x=0\],
o Copy as MathML, image, RTF, SVG. ..
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Basic terms

We can save the output in various shapes and then use it in other programs.

(%03) [x = f%x = 0]

Output (%03) from the previous window we can:

o Copy |[Ctrl C|and[Ctrl V] respectively copy as text (can be used eg. for MSWord
equation editor): x=-2/3,%=0,

o Copy as IATEX \ [x=-\frac{2}{3}\operatorname{, }x=0\],
o Copy as MathML, image, RTF, SVG. ..

The wxMaxima environment has a well-designed user help, which can be found in the Help
menu. You can also open Help by pressing the F1 key.

You can also find the manual on the website
https://maxima.sourceforge.io/docs/manual/maxima_369.html.
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Basic Commands

o Using apropos we find out the exact name of the command using part of its name.

(%il) apropos("plot")
(%o01) [barsplot,boxplot,contour_plot,get_plot_option,gnuplot,. . .

o Command describe prints a description of the entered command.

(%il) describe (plot2d)$
- - Function: plot2d
plot2d (<expr><,<range_x><,<options><)
plot2d (<expr_<>=<expr_<>,<range_x><,<range_y><,<options><)
plot2d ([parametric,<expr_x><,<expr><_y,<range><],<options><)
plot2d ([discrete,<points><],<options><)
plot2d ([contour,<expr><],<range_x><,<range_y><,<options><)
plot2d ([<type_<>,...,<type_n><],<options><)
There are 5 types of plots that can be plotted by ’plot2d’:

1. Explicit functions. ’plot2d’
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Basic Commands

o Expressions are entered using the usual characters of operations, sessions and functions.
o Arguments of functions and commands are in parentheses.

o Multiplication symbol * must be entered!

@ The exponentiation is specified by the character = or the pair **.

e Symbol : is used to assign a value to the right of the expression to the left.
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Basic Commands

o Expressions are entered using the usual characters of operations, sessions and functions.
o Arguments of functions and commands are in parentheses.

o Multiplication symbol * must be entered!

@ The exponentiation is specified by the character = or the pair **.

e Symbol : is used to assign a value to the right of the expression to the left.

o The following commands solve the equation 2x + 3x% = 0 with unknown variable x.

(%il) a:2$ b:3% solve(a*x+b*x"2=0,x);
(%ol) [x=—%,x=0]
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asic Commands

o Expressions are entered using the usual characters of operations, sessions and functions.
o Arguments of functions and commands are in parentheses.

o Multiplication symbol * must be entered!

@ The exponentiation is specified by the character = or the pair **.

e Symbol : is used to assign a value to the right of the expression to the left.

o The following commands solve the equation 2x + 3x% = 0 with unknown variable x.

(%il) a:2$ b:3% solve(a*x+b*x"2=0,x);
(%ol) [x=—%,x=0]

o With the ki1l command we can remove variables with all their assignments and
properties from memory.

(%il) kill(a,b)
/* removes all bindings from the arguments a,b */
(%i2) kill(all) /* removes all items on all infolists */
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Basic Commands

o In the menu and submenu [Display equations]|we can change display output
lines for shapes (default form), [as 1D ASCII|or[as ASCII Art].

@ You can also change the output settings with the command set_display.

(%il) x/sqrt(x~2+1);set_display(’none)$

(%o01) \/ﬁ /* in 2D */

(%il) x/sqrt(x~2+1);set_display(’ascii)$

(%o1) x/sqrt(x?+1) /* as 1D ASCII x/
(%i2) x/sqrt(x~2+1);set_display(’xml)$
X
%) ccccoc=es= /* as ASCII Art x*/
2
sqrt(x + 1)
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Working with Numbers and Basic Constants

Maxima can work with real numbers written in numerical or symbolic form.

The way of writing real numbers can be set in the menu using the switch
[Numeric Output|between numeric and symbolic display.

The setting of the variable numer determines the method of displaying.
By default, 16 digits (including the decimal point) are displayed.

The display accuracy is defined by the variable fpproc and affects the display
using bfloat. Output float always displays the same.
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Working with Numbers and Basic Constants

Maxima can work with real numbers written in numerical or symbolic form.

The way of writing real numbers can be set in the menu using the switch

[Numeric Output|between numeric and symbolic display.

The setting of the variable numer determines the method of displaying.

By default, 16 digits (including the decimal point) are displayed.

The display accuracy is defined by the variable fpproc and affects the display
using bfloat. Output float always displays the same.

By default, complex numbers are entered in algebraic form (rectform). They can be
converted to trigonometric (exponential) form using the command polarform.

(%i1)
(2)

(%i2)

(%02)

z:1+%1;

i+1
polarform(z)+rectform(z) ;
V2eT +i+1
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Working with Numbers and Basic Constants

o Numeric constants e, , i (imaginary unit) have the prefix %, i.e. %e, %pi, %i.

They have the 7 prefix even if they are part of or the result of a calculations.
@ Maxima has predefined constants inf, minf for real infinite co, —oo.
e Maxima has predefined constants infinity for complex infinity.

o Logical constants true and false they represent truth and untruth.

%il) %hpithi+iie;
%o0l) ™+ %i+%e
%i2) [minf ,inf];
%02) [—00, 0]

%i3) infinity;
%03) infinity

(
(
(
(
(
(
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Assignments and Functions

e Maxima contains many more functions than standard programming languages.

These are not only the functions themselves, but also various functions for their support.
o The : operator we use to assign values or expressions to variables.

o We define functions using the assignment :=.

(%il) f£(x):=x"2+2%x+3;

(%01) f(x):=x*>+2x+3

(%i6) £(x);f(y);f(x+1);
£(-2);£(1);

(%02) x%+2x + 3

(%03) y*>+2y+3

(%04) (x+1)>+2(x+1)+3
(%05) 3

(%06) 6
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Working with Expressions

Many times we need to change the conditions only locally for a particular calculation without
to change global settings. For this purpose, Maxima has a very efficient ev command.

o The command ev allows defining a specific environment within a single command.

o After entering the command ev(a,bl,b2,..., bn) the expression a is evaluated if the
conditions b1, b2, ..., bn are met.

o These conditions can be equations, assignments, functions, switches (logical settings).
The example shows an example of solving a quadratic equation using the command solve.

o Variables a, b, ¢ after executing the command ev they do not have values assigned.

(%il) ev(solve (a*x"2+b*x+c=0,x),a:2,b:-1,c=-3);
(%01) [x = %,x =—1]
(
(

%i2) solve(a*x"2+b*x+c=0,x);

%02) [X _ Vb2_233C+b,X _ \/b2—2;13c—b]
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Working with Expressions

We can substitute expressions using the commands subst (a,b,c) and ratsubst(a,b,c).
o The expression a will be replaced by b and subsequently substituted into the expression c.

o When using the subst command must be b the simplest part (atom) or a complete
subexpression of the expression c.

o In the example, the subexpression is not x+y complete (missing z).

o The ratsubst command it also modifies the resulting expression.

(%i2) subst(x+y,a,a”2+b~2); ratsubst(x+y,a,a”2+b"2);
(%ol) (y+x)2 + b2

(%02) y? 4 2xy + x? + b?

(%i4) subst(a,x+y,x+y+z); ratsubst(a,x+y,x+y+z);
(%03) z+y+x

(%04) z+ a
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Limits and Derivatives

In the menu we find functions for solving basic problems of mathematical analysis
(limits, derivation, integration, sums of series, calculate products, ...).

We calculate the limits using the command 1imit.

The last parameter determines the direction of unilateral limits, has the values plus
or minus and is optional.

If not specified, Maxima calculates the limit as complex.

With the command 1limit (f (%) ,x,a) we calculate the limit lim f(x).
X—ra

With the command 1imit (£ (x),x,a,plus) we calculate the limit lim f(x).

x—at
(%i4) 1limit(1/x,x%,0); limit(1/x,x,0,plus);
limit(1/x,x,0,minus); limit(1/x,t,0);
(%o1) infinity
(%02) oo
(%03) —o0
(%o04) %
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Function graphs

We can plot the function graph in several ways.

@ The easiest way is to choose in the menu submenu |[Plot 24 ...|

o If we choose [Format=gnuplot], the function is rendered by the command plot2d using
the Open Source program Gnuplot to a new window.

Gnuplot is automatically installed together with Maxima.

(%il) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, gnuplot])$

s —
cos()
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Function graphs

The graphs of functions were not displayed in the real ratio of the x and y axes,
but were optimized for the screen.

o We can use e.g. same_xy parameter for proper display.

(%i1l) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, gnuplot],[same_xy]l)$
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Function graphs

If we choose [Format=wxmaxima|:

e Maxima will plot the graph using the command plot2d to a new window.

o We can only save the image in postscript.

(%il) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, xmaximal])$
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Function graphs

If we choose [Format=inlinel:

e Maxima draws a graph using the command wxplot2d into your environment.

(%il) wxplot2d ([sin(x),cos(x)],[x,-%pi,2*%pil,
[y,-1.2,1.21)%

St

cos(x) —|

(%ol) S ;
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Function graphs

If we choose [Format=inlinel:

e Maxima draws a graph using the command wxplot2d into your environment.

(%il) wxplot2d ([sin(x),cos(x)],[x,-%pi,2*%pil,
[y,-1.2,1.21)%

St

cos(x) —|

(%ol) S ;

Commands plot2d and wxplot2d they have the same syntax and have many more parameters.

o Parameters can be found, for example, with the command describe (plot2d).
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Function graphs

We can plot the function graph in several ways.

It is better to use wxdraw2d or draw2d commands and direct the output to Gnuplot.

These commands have a slightly different syntax than the wxplot2d, plot2d.
The print parameters are simpler and clearer.

The plotted function must be in the command explicit, parametric or implicit.

(%i1l) wxdraw2d (explicit((sin(x)),x,-2,2))$

1
0.8
0.6 -
04 -
02+

0L
02 L
04 L
0.6 -
08 L

1 I I I I I I I

(%01) 2 -15 -1 -05 0 0.5 1 15 2
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Sequences and Series

Sequences can be created in Maxima in several ways.

e Sequences can be created, for example, using the command makelist or with the
statements of the cycle for. .do.

o Command makelist creates a list that we can display as a whole and by members.

(%i2) S1l:makelist (2*n~2-1,n,1,10);
S2:makelist (2*n~2-1,n,2,10,2);
(s1) [1,7,17,31,49,71,97,127,161,199]
(s2) [7,31,71,127,199]
(%i4) S1[1]1;S82[1];S81[10];
(%03) 1
(
(%05) 199
(%i6) S1[12];
inpart: invalid index 12 of list or matrix.
-- an error. To debug this try: debugmode(true);
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Sequences and Series

@ The sequence is generated with its patterns and then plotted using the draw2d command.

o Arranged pairs are enclosed in square brackets and can be displayed as points in a plane.

(%i1) Sil:makelist([n,(2*n-1)/(n+1)],n,1,10);

(s1) [[1,3],[2,1],[3, 31, 14, &1, 15, 31, [6, 1, [7, 1. 8, 31, [9, 351 [10, 3311

(%i2) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[0,11] ,yrange=[-0.5,2.5],
color=blue,explicit ((2*n-1)/(n+1),n,0.5,10.5),
point_type=7,color=red,points(S1))$

B
e
e
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Sequences and Series

o Using the command for. .do we will list several members of the sequence {2n® — 1}~ _.

(%i1) (for n:1 thru 15 do (a_n: 2*n~2-1, print(a_n)) )$
1
7
17
31
49
71
97
127
161
199
241
287
337
391
449
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Sequences and Series

We can calculate the sum of the series with the sum command.
This command can be found in the menu and the [Calculate Sum...]|submenu.

o We calculate the finite and infinite sum using the command sum.

(%il) sum(2*n~2-1,n,1,8);
(%o1) 400

o Maxima can calculate the exact sum of some infinite series.

(%i2) sum(1/k"2,k,1,inf);
sum (1/k"2,k,1,inf) ,simpsum;

(%o1) 21 ()
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Real functions

Nl N3l

Mathematical Analysis supported by wxMaxima
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Basic terms

o Binary relation f between the sets A # () and B # () is every f C A x B.
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Basic terms

o Binary relation f between the sets A # () and B # () is every f C A x B.

o If for each x € A there is at most one y € B such that [x; y] € f, then relation f is called
function (map, mapping, transformation) from set A to set B, label f: A — B.

We also write as [x; y]€f or y = f(x).

o x€eA Pattern, independent variable, input value, argument.

e yeB Image, dependent variable, output value, value of the function.

o D(f)={xe€A yeB:[x;ylef} Domain of the function f (set of patterns).
o H(f)={yeB,IxeD(f): [x;ylef} Codomain of values of the function f

(set of images).
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Basic terms

o Binary relation f between the sets A # () and B # () is every f C A x B.

o If for each x € A there is at most one y € B such that [x; y] € f, then relation f is called
function (map, mapping, transformation) from set A to set B, label f: A — B.

We also write as [x; y]€f or y = f(x).

o x€eA Pattern, independent variable, input value, argument.

e yeB Image, dependent variable, output value, value of the function.

o D(f)={xe€A yeB:[x;ylef} Domain of the function f (set of patterns).
o H(f)={yeB,IxeD(f): [x;ylef} Codomain of values of the function f

(set of images).
@ Relations and functions are sets of ordered pairs.

o f = g represents the equivalence of [x;y]€f < [x;y]Eg,
i.e. D(f) = D(g) and f(x) = g(x) for all xe D(f).
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Basic terms

o Vxi, €A x1 #x = f(x1) # f(x)
The function f is an injection (different patterns have different images).

o VyeBIxeA y=1f(x) The function f is a surjection (every image has a pattern).

e f is injection and surjection at the same time

The function f is a bijection (injection and surjection).
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Basic terms

o Vxi, €A x1 #x = f(x1) # f(x)
The function f is an injection (different patterns have different images).

o VyeBIxeA y=1f(x) The function f is a surjection (every image has a pattern).

e f is injection and surjection at the same time

The function f is a bijection (injection and surjection).

A (@) (@) () A () (@) () 2N OJOXGEOENONOJO,

fi f f ‘ fa
SHOJOXOXO, N OXOXOXO) CGHONOXO, NONOXO,

fi ={[a;2],[b;3], [c: 1], [c; 4]} = {[a;2],[b; 3], [c; 1]} fi = {[a;:2],[b;3],[c: 1], [d; 2]} fo ={[22],[b; 3], [c;: 1]}

Is not a function Is an injection.

Is a surjection. Is a bijection.
(is a relation).
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Basic terms

Functions f: A— B, g: C — D, H(f) C C.

o The function F = g(f): A — D which assigns a value to each x €A,
z=g(y) = g(f(x)) €D, where y = f(x), is called function composition (composition)
of functions f and g.
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Basic terms

Functions f: A— B, g: C — D, H(f) C C.

o The function F = g(f): A — D which assigns a value to each x €A,
z=g(y) = g(f(x)) €D, where y = f(x), is called function composition (composition)
of functions f and g.

o The function f is called the inner component.

o The function g is called the outer component.

® @ @
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f={la1],[b:1],[c;3],[d; 5]}, g ={[L:a],[2:7],[3: B8], [4: 8], [5: B}
composition F = g(f) = {[a; o], [b; o], [c; 5], [d; B]}-
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Basic terms

A function f: A— B, C C A.

o The mapping h: C — B such that f(x) = h(x) holds for all xé& C is called restriction f
to the set C, label h = f|c.
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Basic terms

A function f: A— B, C C A.

o The mapping h: C — B such that f(x) = h(x) holds for all xé& C is called restriction f
to the set C, label h = f|c.

A function f: A — B is a bijection.

o Representation of g: B — A such that [y;x] € g & [x;y] € f,
i.e. x = g(y) & y = f(x), is called the inverse function to f, label g = f~1.
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Basic terms

A function f: A— B, C C A.

o The mapping h: C — B such that f(x) = h(x) holds for all xé& C is called restriction f
to the set C, label h = f|c.

A function f: A — B is a bijection.

o Representation of g: B — A such that [y;x] € g & [x;y] € f,
i.e. x = g(y) & y = f(x), is called the inverse function to f, label g = f~1.

The set A is equivalent to the set B, if there is a bijection f: A — B, label A~ B.

A= The set A is empty.

} The set A is finite.
A~N,={1,2,...,n}, neéN  The set A is countable finite.
A~ N The set A is countable infinite.

} The set A is infinite.
A#(Qand A% N,and AX N  The set A is uncountable.
A=0QorA~N,or A~ N The set A is countable.
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Basic terms

o N=1{1,2,3,....,n,n+1,...} Natural numbers.
o Z={m—n,mneN}={0,£1,+2,...,+n,...} Integer numbers.
o Q= {%,mEZ,nG N} Rational numbers.

The sum, difference, product and quotient of two rational numbers (with a non-zero
denominator) is again a rational number.
A rational number (fraction) can have several different expressions.
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Basic terms

o N=1{1,2,3,....,n,n+1,...} Natural numbers.
o Z={m—n,mneN}={0,£1,+2,...,+n,...} Integer numbers.
o Q= {%,mEZ,nG N} Rational numbers.

The sum, difference, product and quotient of two rational numbers (with a non-zero
denominator) is again a rational number.
A rational number (fraction) can have several different expressions.

o I=R—-Q Irrational numbers.
The sum, difference, product and quotient of two irrational numbers it can be irrational
as well as rational.

o R=(—00;) Real numbers.

The set R is infinite, but all its elements, i.e. numbers are finite (the number of elements
of the set R cannot be expressed by a number).
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Basic terms

o N=1{1,2,3,....,n,n+1,...} Natural numbers.
o Z={m—n,mneN}={0,£1,+2,...,+n,...} Integer numbers.
o Q={2,meZ,neN} Rational numbers.

The sum, difference, product and quotient of two rational numbers (with a non-zero
denominator) is again a rational number.
A rational number (fraction) can have several different expressions.

o I=R—-Q Irrational numbers.
The sum, difference, product and quotient of two irrational numbers it can be irrational
as well as rational.

o R=(—00;) Real numbers.

The set R is infinite, but all its elements, i.e. numbers are finite (the number of elements
of the set R cannot be expressed by a number).

o R*=RU{—00,0} Extended set of real numbers.
@ 00+ 00=00, a£o00o==£00, 00:00=00, b-00=F =00, %:Ofor a,beR, b>0.
o We do not define co — o0, 0o - 0, % %, g for a€ R (indefinite expressions).
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Sequences (of real numbers)

A function f, D(f) = N } Sequence, for ne N denote a, = f(n),
f ={[n; f(n)],ne N} ie. f={a1,a,a3,...,an,...} = {an} -
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Sequences (of real numbers)

A function f, D(f) = N } Sequence, for ne N denote a, = f(n),
f ={[n; f(n)],ne N} ie. f={a1,a,a3,...,an,...} = {an} -

o f~ N  The sequence f is countable (infinite).

o a,€f A member of the sequence, represents [n; f(n)],
i.e. pattern (order n) and image a, = f(n).
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Sequences (of real numbers)

A function f, D(f) = N } Sequence, for ne N denote a, = f(n),
f ={[n; f(n)],ne N} ie. f={a1,a,a3,...,an,...} = {an} -

o f~ N  The sequence f is countable (infinite).
o a,€f A member of the sequence, represents [n; f(n)],
i.e. pattern (order n) and image a, = f(n).
Sequence (of real numbers) is every sequence {a,} .-, where a,€R, i.e. f: N = R, D(f) € R.

o Explicit entry: General expression a, = f(n), neN.
an = n?, n€ N defines the sequence {a,}oo; = {n?} "~ ={1,4,9,16,...}.

o Recurring entry:  Given a; and given a,, n€ N using the previous members.
a=1 a1 =a,+2n+1 neN
defines the sequence {a,} -, = {nz}:; ={1,4,9,16,...}.
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Sequences (of real numbers)

A sequence {a,,}noil, a, € R, numbers a, beR.

o VneN: a< a, a is the lower bound,  {a,} -, is bounded from below.
o VneN: a,<b b is an upper bound,  {a,} —; is bounded from above.
o {an} <, is bounded from below and above {an},2 is bounded.
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Sequences (of real numbers)

A sequence {a,,}noil, a, € R, numbers a, beR.

o VneN: a< a, a is the lower bound,  {a,} -, is bounded from below.
o VneN: a,<b b is an upper bound,  {a,} —; is bounded from above.
o {an} <, is bounded from below and above {an},2 is bounded.

VYneN: a, < app1  Increasing. } Strictly monotonic

an > ant1 Decreasing.

. oo
VneN: a, < a,+1 Non-decreasing. Monotonic sequence {an},_;.

an > ant1 Non-increasing.

ap = an+1  Constant (stationary).
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Sequences (of real numbers)

A sequence {a,,}noil, a, € R, numbers a, beR.

o VneN: a< a, a is the lower bound,  {a,} -, is bounded from below.
o VneN: a,<b b is an upper bound,  {a,} —; is bounded from above.
o {an} <, is bounded from below and above {an},2 is bounded.

VYneN: a, < app1  Increasing. } Strictly monotonic

an > ant1 Decreasing.

. oo
VneN: a, < a,+1 Non-decreasing. Monotonic sequence {an},_;.

an > ant1 Non-increasing.

ap = an+1  Constant (stationary).

o The sequence {a,} -, ={3,1,3,5,7,9,...} is not monotonic.
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Sequences (of real numbers)

A sequence {a,} =, a,€R.

o If {ky}o, C N is an increasing sequence (of natural numbers, indices), then {a,} - is

called subsequence (selected sequence) from {a,} ;.
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Sequences (of real numbers)

A sequence {a,} =, a,€R.

o If {ky}o, C N is an increasing sequence (of natural numbers, indices), then {a,} - is
called subsequence (selected sequence) from {a,} ;.

Subsequences of the {a,} -, = {2n—1},2; ={1,3,5,7,9,11,13,...} are for example:

o {atro; =A{amte; ={a2 as,3,...} ={3,7,11,...} = {4n— 1} .
o {an, ={2n—112, e {a),={2n—1}2,. o {101,109,235,637,..}.

(%i2) a(n):=2*n-1$ makelist(a(n),n,1,7);

(%02) [1,3,5,7,9,11,13]

(%i3) makelist(a(2*n),n,1,7);

(%03) [3,7,11,15,19,23,27]

(%i4) makelist(a(2%n),n,2,7);

(%o04) [7,11,15,19,23,27]

(%i5) print(a(51),a(b55),a(118),a(319))%$
101 109 235 637
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Sequences (of real numbers)

For every neighborhood O(a) there are infinitely many members a, € O(a),
then a€ R* = RU {+o0} is called accumulation value of the sequence {a,} ;.

o The set of all accumulation values of the sequence {a,} -, we denote by E.
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Sequences (of real numbers)

For every neighborhood O(a) there are infinitely many members a, € O(a),
then a€ R* = RU {+o0} is called accumulation value of the sequence {a,} ;.

o The set of all accumulation values of the sequence {a,} -, we denote by E.

sup E = limsup a, Limes superior (upper limit)
e of the sequence {a,} ;.

They always exist.
inf E = liminf a, Limes inferior (lower limit)

e of the sequence {a,} ;.

supE =inf E = n|I_>IT;O an Limit {a,} >~ (set E has a single element).

A sequence {a,} ;.

o The sequence {a,} .-, has at least one accumulation value.

o If lim a, exists, then it is unique.
n—o0
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Sequences (of real numbers)

d lim a, =aeR Exists a finite limit, o
n—00 - {an},—; converges,
{an},_; converges to the number a, ~
0o {a”}n:1 -
{an},21 — a.

3 lim a, = £t Exists an infinite limit,
n—oo

{an} <, diverges to +oo,
{an},2, diverges,

{an}:i1 7.

{an},o; — £oo.

A lim a, Do not exists limit,
n—o00

{an} < oscillates.

A sequence {a,} ;.

o Changing the finite number (replacement, omission, addition, etc.) of members of the
sequence {a,} -, does not affect the convergence, or divergence of this sequence.
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Sequences (of real numbers)

A sequence {ap} ;.
o {ant,2; — = o {a,},-, is bounded.

o {an} -, is monotonic. = o {a,}>°, — acR*".
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Sequences (of real numbers)

A sequence {ap} ;.

o {ant,2; — = o {a,},-, is bounded.
o {an} -, is monotonic. = o {a,}2, — acR".
09 = 0. = o L= o0 for g > 0.
L= lim n9= lim n"® = lim1=1.= o L=1 forqg=0.
n—o0 n—oo n— o0
nlrgoﬁzézo. = o L=0 forg<0(—qg>0).
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Sequences (of real numbers)

A sequence {ap} ;.

o {ant,2; — = o {a,},-, is bounded.
o {an} -, is monotonic. = o {a,}2, — acR".
09 = 0. = o L= o0 for g > 0.
L= lim n9= lim n"® = lim1=1.= o L=1 forqg=0.
n—o0 n—oo n— o0
nlrgoﬁzézo. = o L=0 forg<0(—qg>0).

Geometric sequence.

q" — oc. = o L=o0forg>1.
Gl =17 = 1. = o lL=1 forg=1.
L= lim g"< q¢" — 0. = o L=0 for ge(0;1).
n—oo
"=¢*=1,q"=¢*"=-1. = o3 for g = —1.
" =qg** 500, " =q¢*t! 5 —c0. = o ¥ for g < —1.
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Sequences (of real numbers)

A sequence {ap} ;.

@ a,>0 neN. = o lim ¢/a,=

lim
n— oo n— oo

222 (if limits exist).
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Sequences (of real numbers)

A sequence {ap} ;.

L e i 8 (i i .
o a,>0,neN. = o ,,an;o‘/a” nILn;o 25 (if limits exist).

0 fora<1

ap, >0, neN, lim y/a, =acR*. = Iima:{ '

° n2U ne " h— oo n < °n—>oo n for a > 1.

0 fora<1

an >0, neN, lim & = 3cR*. = lim a :{ '

° n > = n—oo 9n = ° n=scol o0 for a > 1.
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Sequences (of real numbers)

A sequence {ap} ;.

o a,>0,neN. = o nli[go ey = nan;o 32:1 (if limits exist).
0 fora<1
a, >0, neN, lim /a, = acR*. = lim a :{ '
° n =0 nel, n—o00 n < ° n—oo for a > 1.
o a,>0,neN, lim *1 —acR*. = o |ima—{0 fora<l1,
n ! " h—oo : n—oo oo fora>1.
Important limits. a,beR, a>0.
o lim v/n!=occ. o lim ¢/n=1. o lim y/a=1.
n— o0 n— o0 n— o0
o lim o = . o lim (1+9)n:eb. o limn(ya—1)=ha
n—oo M n—oo J n— o0
o lim 2 =0. o lim (1+1)"=e. o lim n(ve—1)=Ine=1.
n—oo M n— oo 0 n— oo

@ The number e is called Euler’'s number. Its value is approximately 2,718 281 827.
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Number series

If {a,},; is a sequence,

o)
then Y~ a,=a +a+---+a,+ - is called (infinite number) series.
n=1
o Number series are closely related to sequences and generalize the concept additions
to an infinite number of addends. A simple example is fractions and periodic numbers.
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Number series

If {a,},; is a sequence,

oo
then Y~ a,=a +a+---+a,+ - is called (infinite number) series.

n=1
o Number series are closely related to sequences and generalize the concept additions
to an infinite number of addends. A simple example is fractions and periodic numbers.

o0
Yan=atadtat- - tatapitacetagst

n=1
k oo
S“:Z a; (k-th partial sum) = Z a; (k-th rest)
i=1 i=k+1
[eS) oo o0
o {si}iq ={s1,%,83,...} ={sn},1 The sequence of partial sums of the series > a,.

n=1
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Number series

o0 .
If {a,},_; is a sequence,
o0
then Y~ a,=a +a+---+a,+ - is called (infinite number) series.

n=1
o Number series are closely related to sequences and generalize the concept additions
to an infinite number of addends. A simple example is fractions and periodic numbers.

o0
Yan=atadtat- - tatapitacetagst

n=1
k oo
S“:Z a; (k-th partial sum) = Z a; (k-th rest)
i=1 i=k+1
[eS) oo o0
o {si}iq ={s1,%,83,...} ={sn},1 The sequence of partial sums of the series > a,.

n=1

o0
o The relationship between Y a, and the sequence {s,} ~; is mutually unambiguous.

n=1
@ S5 =a; =5 + a;. @ a; = 51 — Sy, Where s5 = 0.
@ Sp =a; t+a) =S5 + a. @ A =S — S51.
@ S3=a; +ax+ a3 = s + as. @ a3 = S3 — 5.
@esp,=ar+a+---+ap_1+a,=5,_1+ an. @ a,=5,—S,_1, heN.
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Number series

Series > (-1)™1=1—-141—-14+1—-1+1—1+4---.

n=1

(%il)

a(n):=(-1)"(n+1)$

rec:makelist (rectangle ([i-1,0],[i,a(i)]1),1i,1,11)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-1.2,1.2],
border=true,color=black,fill_color=red,rec)$
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Number series

o0 o0
lim s, =seR* (if it exists) is called the sum of the series > a,, label >~ a, =s.

n— oo n=1 n=1
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Number series

o0 o0
lim s, =seR* (if it exists) is called the sum of the series > a,, label >~ a, =s.
n— o0

n=1 n=1
d lim s, =s€eR Exists a finite limit, o
n—o0
o > a, converges,
> a, converges to the sum s, =1
n=1 o)
[} =) Z dn 7.
> a, —>s, resp. >, a,=Ss. n—=1
n=1 n=1
3 lim s, = o0 Exists an infinite limit,
n— oo
o0
> a, diverges to +oo,
n=1 io: di
0 0 a, diverges,
a, — %00, resp. Y. a, = %oo. e’
n=1 n=1 0
> ap, /.
59 lim a, Do not exists limit, n=1
n— o0
oo
> a, oscillates.

n=1
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Number series

oo
A series > ay,.

n=1

o Changing the finite number (replacement, omission, addition, etc.) of members

o0
of the series > a, does not affect the convergence, or series divergence.
n=1

o But it has an effect on his sum.
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Number series

oo
A series > ay,.

n=1
o Changing the finite number (replacement, omission, addition, etc.) of members
o0
of the series > a, does not affect the convergence, or series divergence.
n=1
e But it has an effect on his sum. )
= 1 R R T |
2 p=ldstgtatst =00
n=1
S .
o > l=00. (The Harmonic series has an infinite sum.)
n=1
o0
o Y1l o0 (The Harmonic series diverges to infinity.)
n=1
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Number series

Some rules do not apply for infinite series, e.g. associative law:

= 1 Q-1 +(1-1)+(1-1)+:---=0+0+0+---=0,
n;(*l)ﬂ—{1+(—1+1)+(—1+1)+-~- —14040+ - =1,
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Number series

Some rules do not apply for infinite series, e.g. associative law:

fj(fl)"ﬂ—{(1_1)+(1_1)+(1_1)+” =0+0+0+---=0,
= S l14+(-1+1)+(-1+1)+--- =140+0+---=1.
Zq” = zq =1+q+¢+.- =g forall ge(-11).

n=0

) 1

°Z:qn—lznm Sn,5n:(1+q+"'+qn_l)i:72:17q :‘7l forq;«él
—1 n—0o 9

‘;":11%%*11:00_ e S=o0c0 forg>1.

=
1+414+1+1+4---— o0. = o S=o00 forg=1.
=

S:ZIq"*lznlemsn: %ﬁ%:ﬁ- o §= i forge(-1;1).
= ~141-1+41-14---. = of for g = —1.
1 _n—1
%,%%O,q"flﬁioo.ﬁ o 7 for g < —1.
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Number series

sq(q):=sum(gq”n,n,1,inf)$ sq(1/2),simpsum;
sq(1/3) ,simpsum; sq(-1/2),simpsum; sq(2),simpsum;
1

1
2

(N

sum: sum is divergent.
#0: sq(gq=2) -- an error. To debug this try: debugmode(true);
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Number series

sq(q):=sum(gq”n,n,1,inf)$ sq(1/2),simpsum;
sq(1/3) ,simpsum; sq(-1/2),simpsum; sq(2),simpsum;
1

1
2

(N

sum: sum is divergent.
#0: sq(gq=2) -- an error. To debug this try: debugmode(true);

@ It is enough to change the value of g at the beginning in the following example.

(%i1)

q:0.8% a(n,q):=q"n$ peca:makelist([i,a(i,q)],i,1,11)$
reca:makelist (rectangle([i-1,0],[i,a(i,q)]),i,1,11)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-4,4],
border=true,color=black,fill_color=light_red,reca,
label ([concat ("g=",string(q)),3,3.5]),
color=blue,explicit(a(n,q),n,1,11),
point_type=7,color=blue,points(peca))$
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Number series
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Number series

Necessary convergence conditi

oo
°o > a, —. = o lim a,=0.
n=1

n— o0

o lim a, # 0 (the limit does not exist or there is a non-zero).
n—oo

o0
= o Y a,/— (oscillates or — +00).

n=1
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Number series

Necessary convergence conditi

o0
°o > a, —. = o lim a,=0.
n=1

n— o0

o lim a, # 0 (the limit does not exist or there is a non-zero).
n—oo

o0
= o Y a,/— (oscillates or — +00).

n=1

o0
The Harmonic series > % diverges to infinity.

n=1
- o 1 R S S 1
° an = c=ll4 545+ 5450 =00 o lim a,= lim = =0.
nz::ln nz::ln 2 g & 2 n—oo n—oo 1
— 1 1
The Geometric series ) 5; with g = 5 konverges to 2.
n=1
= o 1 1,11 1 1
° o = T -2 =2 o lim a,= lim 5 =0
2 an 22 24 8 = 3 n—oo " n—oo

n=1 n=1
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Number series

o0 o0
The series > a,, a, > 0, n€ N (non-negative terms) always has asum 0 <s= ) a, < cc.

n=1 n=1
Direct comparison test. 0<a,<b, neN.
oo o
o > b, —. = o Y a, —
n=1 n=1
oo oo
° an, — 0. = o Y, b, — 0.
n=1 n=1
Comparison test (limit form). 0<a,<b, neh.
o o
H an
nImeb—"—p,0<p<m. ° > a, —. & e Y by —.
n=1 n=1
o oo
° > a, — oc. & e Y b, — 0.
n=1 n=1
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Number series

Ratio test (d'Alembert’s ratio test).

° %§q<1, neN, where g€(0;1). = o > a, —.
" n=1

o0
olS%,nEN. = 0 Y a; — 0.

n=1

d'Alembert’s ratio test (limit form). ap >0, neN.

o0
lim 22 =p e p<l = o > a, —.

an
n—o0 n=1

o0
op>1l. = o > a, /. For p = 1 we cannot decide.
n=1
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Number series

Ratio test (d'Alembert’s ratio test).

° %§q<1,n€N, where g€ (0;1). = o > a, —

o0
olS%,nEN. = 0 Y a; — 0.
" n=1

d'Alembert’s ratio test (limit form). ap >0, neN.

o0
lim 22 =p e p<l = o > a, —

n—o00 an

n=1
o0
op>1l. = o > a, /. For p = 1 we cannot decide.
%) o
° an, = n — oo, but lim 2 = |jm 2L =1,
Z n Z n—oo 9n n—oo N
s} —L > n? 2
° &y = —, but lim 2 = |im 25 = [|im = lim =2— =1.
Z n Z n—oo n n—oo % n—oo ("+1) n—oo M+2n+1

n=1 n
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Number series

Root test (Cauchy root test). a, >0, neN.

o Va, < q<1, neN, where ge(0;1). = o > a, —.
n=1

o0
o 1 < /a,, neN. = 0 Y a; — 0.

n=1

Cauchy root test (limit form). a, >0, neN.

o0
nIme,"/an:p. ep<l. = o > a,—

n=1

o0
op>1l. = o > a, /. For p = 1 we cannot decide.
n=1
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Number series

Root test (Cauchy root test). a, >0, neN.

o Va, < q<1, neN, where ge(0;1). = o > a, —.
n=1

o0
o 1 < /a,, neN. = 0 Y a; — 0.

n=1

Cauchy root test (limit form). a, >0, neN.

o0
nIme,"/an:p. ep<l. = o > a,—

n=1

o0
op>1l. = o > a, /. For p = 1 we cannot decide.
n=1

oo oo
° nZ::I ap = nZ::l n — oo, but nILmOO Va, = nI|_>n;O /n=1.
oo

oo
1 . . n/ 1 .
° Bl = = —, but lim y/a, = lim = = lim ——
ngl n 1 n’ ! n— 00 n n— 00 n’ n—o0 Vn? n—o00 \%%

n=
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Number series

o0

n!

oS
Sap=>, & — fora>0.
n=1

n=1

d'Alembert’s ratio test:

. a™tt ol a _ a __ a"
Onwoom;—nll{’goin+l—*oo—0<l. :>on§:1n!—>fora>0.
Cauchy root test:

oo .

i nfa’ i a — 4 _— a

onlirnm n!—nunm\m—m—0<l. éon§_ln!—>fora>0.

(%i5) an(n,a):=a"n/n!$ a:2$ limit(an(n,a),n,inf ,plus);
limit (an(n+1l,a)/an(n,a),n,inf ,plus);
limit ((an(n,a))~(1/n),n,inf ,plus);

(%03) 0

(%04) 0O

(%05) 0
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Number series

o0 o0 o0 o0
o If X a, — and Y |a,| —, then 3" a, converges absolutely, label " a, 2.
n=1 n=1 n=1 n=1

o If Z a, — and Z |as| />, then Z a, converges relatively, label Z an —

n=1 n=1

The series Z |an|, an€R, n€ N always has a sum 0 < s = Z lan| < oo.

n=1 n=1

oZ|a,,\—> i.e. Z\a,,|—> = oZa,,—>.
n=1
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Number series

o0 o0 o0 o0
o If X a, — and Y |a,| —, then 3" a, converges absolutely, label " a, 2.

n=1 n=1 n=1 n=1

o If Z a, — and Z |as| />, then Z a, converges relatively, label Z an —

n=1 n=1

o0

=
The series > |an|, a,€R, n€ N always has a sum 0 < s = > |a,| < .
n=1

n=1

oZ|a,,\—> i.e. Z\a,,|—> = oZa,,—>.
n=1

Alternating series test (Leibniz criterion).

0 a, >0, neN, {a,} <, is non-increasing.

} = 21(—1)n+lan .

o lim a,=0.
n—o0

oo
o The series > (—1)"*1a,, where a, > 0 or a, < 0 is called an alternating series.
n=1
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Number series

n+1

4oy (*1’77 4.0 Ry (Anharmonic series.)

Alternating series test (Leibniz criterion):

o a,= % >0,neN, {a,}2, = {%}:’;1 is decreasing (non-increasing).

o lima,= lim =<1 =0.
n—00 n—00 €3
oo o0
_ =Tt 1,1 _ 1 (=i R
:02318"—217_1_§+§_Z+ + = —
n= n=

beerb@frcatel.fri.uniza.sk
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Number series

(Anharmonic series.)

Alternating series test (Leibniz criterion):

o a,= % >0,neN, {a,}2, = {%}:’;1 is decreasing (non-increasing).

o lima,= Ilimi=1=
n—00 n—oo €3
oo
_ ™t 1,1 1 (= R,
= o Zjla Zl n =1 2 + 3 4 + + n
n— n—=
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Functions

The function y = f(x), xe€ D(f), i.e. f: D(f) — H(f).
o D(f)CR A function of a real variable.
o H(f)CR A real function.
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Functions

The function y = f(x), xe€ D(f), i.e. f: D(f) — H(f).
o D(f)CR A function of a real variable.
o H(f)CR A real function.
Explicit form: o y =f(x), xeD(f) (Analytical formula).
Parametric form: o f: x = p(t), y = ¢(t), teJ, JC R (Auxiliary functions ¢, ).

Implicit form: e f: F(x,y) =0, conditions for [x; y] (Implicit equation).

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07

Functions

The function y = f(x), xe€ D(f), i.e. f: D(f) — H(f).
o D(f)CR A function of a real variable.
o H(f)CR A real function.

Explicit form: o y =f(x), xeD(f) (Analytical formula).
Parametric form: o f: x = p(t), y = ¢(t), teJ, JC R (Auxiliary functions ¢, ).
Implicit form: e f: F(x,y) =0, conditions for [x; y] (Implicit equation).

The function f: y = |x|, x€R.

We can define the function f: y = |x|, x€R, for example:
Explicit form: o y = Vx2 resp. o y = max{—x, x}.
Parametric form: o x=1t, y = |t|, tER, resp. o x=1t,y = V2, teR.

Implicit form: 0y?—x>=0,y>0, resp. oy—|x=0.
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o VxeA: a< f(x) a is the lower bound, f is bounded from below
o VxeA: f(x)<b b is an upper bound,  f is bounded from above » on the set A.
o f is bounded from below and above f is bounded
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o VxeA: a< f(x) a is the lower bound, f is bounded from below
o VxeA: f(x)<b b is an upper bound,  f is bounded from above » on the set A.
o f is bounded from below and above f is bounded

e not bounded from below on the set A f is unbounded from below
o not bounded from above on the set A f is unbounded from above on the set A.

not bounded on the set A f is unbounded (below or above)

(]
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o VxeA: a< f(x) a is the lower bound, f is bounded from below
o VxeA: f(x)<b b is an upper bound,  f is bounded from above » on the set A.
o f is bounded from below and above f is bounded

e not bounded from below on the set A f is unbounded from below
o not bounded from above on the set A f is unbounded from above on the set A.

e not bounded on the set A f is unbounded (below or above)

A function y = f(x), x€ D(f) and a set A C D(f).

o A#D(f). A local property on the set A.
o A=D(f). A global property (on the entire domain).

e f: y =sinx is bounded, i.e. is bounded on D(f) = R.

o f:y=x3is unbounded (from below and from above), f is bounded for example on (0; 1).
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o inf f(A) =inf {f(x),x€A} Local infimum

} on the set A.
o sup f(A) =sup{f(x),xeA} Local supremum
o inf f(x) = inf {f(x),x€D(f)} Global infimum

the definition d in).
sup f(x) =sup {f(x),xeD(f)}  Global supremum }(on e definition domain)
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o inf f(A) =inf {f(x),x€A} Local infimum

} on the set A.
o sup f(A) =sup{f(x),xeA} Local supremum
o inf f(x) = inf {f(x),x€D(f)} Global infimum

the definition d in).
sup f(x) =sup {f(x),xeD(f)}  Global supremum }(on e definition domain)

Function y = f(x), x€ D(f), a set A C D(f) and a point xg € A.

o VxeA: f(x) < f(x) Minimum.
f(xo0) > f(x) Maximum. Extrema
: i ini the set A.
o VxEA, x # xp: f(x0) < f(x) Strict minimum. }Strict extrema. on the se
f(x0) > f(x) Strict maximum.
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).

o inf f(A) =inf {f(x),x€A} Local infimum

} on the set A.
o sup f(A) =sup{f(x),xeA} Local supremum
o inf f(x) = inf {f(x),x€D(f)} Global infimum

the definition d in).
sup f(x) =sup {f(x),xeD(f)}  Global supremum }(on e definition domain)

Function y = f(x), x€ D(f), a set A C D(f) and a point xg € A.

o VxeA: f(x) < f(x) Minimum.
f(xo0) > f(x) Maximum. Extrema
: i ini the set A.
o VxEA, x # xp: f(x0) < f(x) Strict minimum. }Strict extrema. on the se
f(x0) > f(x) Strict maximum.

A C D(f), A# D(f) e Local extrema on the set A.

A = D(f) o Global (absolute) extrema (on the domain).

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07

Functions

O

A function y = f(x), x€ D(f) and a set A C D(f).

o Vxi,xEA, x1 < xp: f(x1) < f(x2) Increasing. }Strictly monotonic.
f(x1) > f(x2) Descending. y _
. onotonic
o Vxi,x €A, x1 < x2: f(x1) < f(x2) Non-decreasing. T
f(x1) > f(x2) Non-increasing.
e Vxi, X2 EA: f(x1) = f(x2) Constant.
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Functions

A function y = f(x), x€ D(f) and a set A C D(f).
V. A x1<xu f <f Increasing. . .
° W, €A x1 <t fla) (x2) I .g }Strlctly monotonic.
f(x1) > f(x2) Descending. y _
onotonic
Vx1, €A, x1 < x2: f(x1) < f(x2) Non-decreasing.
° Vx1,0 €A x1 <x: f(x1) < f(x) _ . g on the set A.
f(x1) > f(x2) Non-increasing.
e Vxi, X2 EA: f(x1) = f(x2) Constant.
y . y f y y
f(x3) EXI; f(xa) f(xa)
X2
f(x2) F(x2) fa) () T —e—e———e—1f
f(x1) f(x3) f f(a) f(xa) f
[ x 2 x3 X [ xax x3 X [ 1 2 x5 x X [ xexs x X [ xx x X
f(a) < f(x) < f(xs) fa) > f(x) > f(x3) f(x1) < fl) = F(xs) < f(xa) flx1) > fle) = F(x3) > f(xa) f(x) = f(x2) = f(xs)
Increasing Decreasing Non-decreasing Non-increasing Constant
function function function function function
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Functions

o VxeD(f): —xeD(f), f(x)= fF(—x) Even function.
f(x) = —f(—x) Odd function.
o VxeD(f): x £ peD(f), f(x)=1f(x*p), peR—{0} Periodic function, p is the period.
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Functions

Even function.

Odd function.

o VxeD(f): x £ peD(f), f(x)=1f(xxp), peR—{0} Periodic function, p is the period

y -
period

period period
f

y
period
f(

S ARVEaV ey V.4

/ 0 \x- 0 X \
f(—x) f(x) f(—x)
( D(f)

x+2p

Even function Odd function Periodic function
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Functions

A function y = f(x), x€ D(f), | C D(f) is an interval, points x1,x €/, x; < Xa.
o The line p(x) = 2=Xf(x1) + Z=21(x), xER

o o connects the points [xi; f(x1)] and [xo; F(x2)].
o Vx el x1 <x<x: f(x)<p(x) Convex
f(x) < p(x) Strictly convex .
on the interval /.
o Vxel, x1 <x<x: f(x)>p(x) Concave
f(x) > p(x) Strictly concave
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Functions

A function y = f(x), x€ D(f), | C D(f) is an interval, points x1,x €/, x; < Xa.

o The line p(x) = 2= (x1) + 225 (%), xER
connects the points [xi; f(x1)] and [xo; F(x2)].

o Vx el x1 <x<x: f(x)<p(x) Convex
f(x) < p(x) Strictly convex .
on the interval /.
o Vxel, x1 <x<x: f(x)>p(x) Concave
f(x) > p(x) Strictly concave

A function y = f(x), x€ D(f),

xo € D(f) is the inflection point f (f has an inflection at the point xp),
if exists a neighborhood Os(xo) such that the fuction 7:

o fison O5 (xg) = (X0 — d; Xo) strictly convex } { fis on Oy (xo) strictly concave.
resp.

o fison Of (x0) = (x0; X0 + &) strictly concave f is on Of (xo) strictly convex.
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Functions

e A function y = f(x), x€ D(f), | C D(f) is an interval, points xi,x2 €/, x1 < xo.

o The line p(x) = 2=Xf(x1) + =% (x2), x € R connects the points [x1; f(x1)], [x2; f(x2)].

X —X1 X2 —X1
y _ y .
f(x) [xo; F(x2)] f(x2) [ £()] [xo; £ (x2)] ?
f(x)
f(xe) — p(x)
p(x) p(x) Fa) — Fo)
f(x) [x1; F(xa)]
f(x1 f(x1
GO s ol i G) §
X1 X X2 X1 X X2
Convex function Concave function
f(x) < p(x), x1 < x < x f(x) > p(x), x1 < x < x

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

Functions

01 02 03

04 05 06 07 08

e A function y = f(x), x€ D(f), | C D(f) is an interval, points xi,x2 €/, x1 < xo.

o The line p(x)

f(x2)

y

Xp—X
X2—X1

X—X1
X2—X1

f(Xl) —|—

bei F(e)]

X2

Convex function
f(x) < p(x), x1 < x < x

convex Strictly convex

beerb@frcatel.fri.uniza.sk

f(x2), x € R connects the points [xi; f(x1)], [x2; f(x2)]-

y

beifOe)l _p
[ f(x)]

[xai F(xa)]

|

Convex and also Concave

X

X1 X X2

Concave function
f(x) > p(x), x1 < x < x

NN

I X I X
Strictly concave

y

Concave
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Elementary Functions |

Elementary function is called each function created using the operations of addition,
subtraction, multiplication, division or using composition of functions from basic
elementary functions:

o y=1, oy =x, o y=¢ex o y=lInx,

e y =sinx, @ y = arcsin x, @ y = arctan x.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

Elementary Functions |

Elementary function is called each function created using the operations of addition,
subtraction, multiplication, division or using composition of functions from basic
elementary functions:

o y=1, oy =x, o y=¢ex o y=lInx,

e y =sinx, @ y = arcsin x, @ y = arctan x.

A polynomial of degree n is called

fo: y = ap + a1x + axx? + -+ + apx", where ag, ay, ...,a,€R, ne NU {0}, a, # 0.

e fy: y = ag, ag # 0 is called a constant function.
o fi: y=ap+ aix, a; # 0 is called a linear function.

o fhiy=ayp+ aix+ apx?, a» # 0 is called a quadratic function.
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f' = f,,(x) — 30+31X+azx2+...+anxn
Y= fn(x) — botbix+byx2+---+byxm’

where f,, f,, are polynomials of degrees n,me N U {0}.
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Rational fractional function is called

f' f,,(X) — 30+31X+32X2+...+3nx"

Y = E0) T Rt thm where f,, f,, are polynomials of degrees n,me N U {0}.

v

Power function is called

f: y=x", where reR, r # 0.
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Rational fractional function is called

f(x) _ 30+31X+32x2+...+anx'1

fly==< () = Dot bt b b where f,, f,, are polynomials of degrees n,me N U {0}.

v

Power function is called

f: y=x", where reR, r # 0.

Exponential function with base a > 0 is called

f: y=3a" xeR.

e The most important one is f: y = exp x = e with base e (Euler's number).
e The graph is called the exponential curve and passes through the points [0; 1] and [1; a].

o The graphs of the functions y = a*, y = a~* are symmetric along the y axis.
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Elementary Functions |

Logarithmic function with base a > 0, a # 1 is called

f: y =log,x, xe(0;00).

o Logarithmic function y = log, x, x € (0; 00) is the inverse of the exponential function
y = a%, x€ R with the same base a >0, a# 1 (y = log,x & x = a).

e Fora>0, a#1 holds: x = a'%8* for x > 0.
x = log, a* for xeR.

o The graph is called a logarithmic curve and passes through the points [1;0] and [a; 1].

o The graphs of the functions y = log, x and y = log,-1 x are symmetric along the x axis.
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Elementary Functions |

Logarithmic function with base a > 0, a # 1 is called

f: y =log,x, xe(0;00).

o Logarithmic function y = log, x, x € (0; 00) is the inverse of the exponential function
y = a%, x€ R with the same base a >0, a# 1 (y = log,x & x = a).

e Fora>0, a#1 holds: x = a'%8* for x > 0.
x = log, a* for xeR.

o The graph is called a logarithmic curve and passes through the points [1;0] and [a; 1].
o The graphs of the functions y = log, x and y = log,-1 x are symmetric along the x axis.
e a=10. = Decadal logarithm, label logx = log; x.

e a=e. = Natural logarithm, label In x = log, x.

exp(x)=e"x and log(x) (natural logarithm) have the base e.

o If we want to calculate logarithm with another base, e.g. log, x, we have to use
construction log, x = Inx/In 2.
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o Sine y =sinx = |AA,|: R — (—1;1).

o Cosine y = cosx = |OA,|: R — (—1;1).

o Tangent y =tanx = 20X — |TJ|: R—{%+km keZ} = R.
o Cotangent y=cotx= 5 =|CK|: R—{km,keZ} — R.

y
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o Sine y =sinx = |AA,|: R — (—1;1).

o Cosine y = cosx = |OA,|: R — (—1;1).

o Tangent y =tanx = 20X — |TJ|: R—{%+km keZ} = R.
o Cotangent y=cotx= 5 =|CK|: R—{km,keZ} — R.

x€(3%;2m)
o The number 7 is called Ludolf’s. Its value is approximately 3, 141 592 654.

o A circle with a radius r = 1 has a circumference of 2.
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Elementary Functions ||

o In Maxima, trigonometric functions have the form sin(x), cos(x), tan(x), cot(x).
o Arguments of trigonometric functions must be entered in radians.

o If we want to use degrees, we must first convert to radians.

(%i3) tangrad(x):=tan(x/180%%pi); tangrad(22.5);
ratsimp (tangrad (22.5));

(%o01) tangrad(x) := tan (3357)

(%o02) tan (0.1257)
rat: replaced 0.125 by 1/8 = 0.125

(%03) tan(%)
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Elementary Functions ||

o In Maxima, trigonometric functions have the form sin(x), cos(x), tan(x), cot(x).
o Arguments of trigonometric functions must be entered in radians.

o If we want to use degrees, we must first convert to radians.

(%i3) tangrad(x):=tan(x/180%%pi); tangrad(22.5);
ratsimp (tangrad (22.5));

(%o01) tangrad(x) := tan (3357)

(%o02) tan (0.1257)
rat: replaced 0.125 by 1/8 = 0.125

(%03) tan(%)

o To simplify work with trigonometric functions, we can use commands
trigsimp, trigrat, trigexpand, trigreduce and packages atrigl, ntrig or spangl,

which contain additional support for working with trigonometric functions.

o We have to load the packages into the system using the command load.
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Elementary Functions ||

Sum formulas for sine and cosine.

o sin(x=*y)=sinx-cosy =+ cosx -siny. @ cos(x +y)=cosx-cosy Fsinx-siny.
e sin2x = sin(x + x) = 2sinx - cos x. o c0s2x = cos (x + x) = cos? x — sin® x.
o sin’x = l=gge2x, o cos?x = 12X g sin x + cos? x = 1.
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Elementary Functions ||

o sin(x=*y)=sinx-cosy =+ cosx -siny. @ cos(x +y)=cosx-cosy Fsinx-siny.
e sin2x = sin(x + x) = 2sinx - cos x. o c0s2x = cos (x + x) = cos? x — sin® x.
° sin2X:#. ° cos2X:W. o sinx + cos? x = 1.

Cyclometric functions are inverses of trigonometric functions:

o Arcsine y = arcsin x: (-1;1) —» (Z; 2).
o Arccosine y = arccos x: (—1;1) — (0; 7).
o Arctangent y = arctan x: R—(-%:%3).

o Arccotangent y = arccot x: R — (0; m).

o There are no inverse functions for trigonometric functions because they are not injective.
It is necessary to narrow them appropriately.
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o Cyclometric functions have the form Maxima asin(x), acos(x), atan(x), acot(x).

@ At this point we can mention the function atan2(x,y) defined by the relation arctan ;

(%i4) asin(1l);asin (1) ,numer;

acos (1);acos (1) ,numer;

(%ol) 7

(%02) 12.570796326794897

(%01) 0

( ) 0.0

(%i7) atan2(2,4);atan(1/2);atan(1/2) ,numer;
(%05) atan(3)

(%06) atan(3)

(%o07) 0.4636476090008061

Sum formulas for cyclometric functions.

o arcsinx +arccosx = 3 for xc(—1;1). e arctan x + arccotx = 5 for x€R.
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o Hyperbolic sine y =sinhx = €52 = ezgejlz R — R.

o Hyperbolic cosine y=coshx = €= — €41, R 4 (1. 0).

o Hyperbolic tangent y=tanhx = Smhx — £’ R (-1;1).

o Hyperbolic cotangent  y = cothx = Shx — £te = R_ {0} » R — (~1;1).
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Elementary Functions ||

Hyperbolic functions are:

.. . X _e X e _1.
o Hyperbolic sine y =sinhx = ==— = &—=: R — R.
o Hyperbolic cosine y=coshx = €= — €41, R 4 (1. 0).
) B _ sinhx e —eX. _
o Hyperbolic tangent y=tanhx =205 =521 R—(-11).
. h Fee .
o Hyperbolic cotangent  y = cothx = <=hx — £+ R {0} - R— (—1;1).
o Hyperbolic functions have similar properties to trigonometric functions.

Sum formulas for hyperbolic sine and hyperbolic cosine.

. . . S 12 cosh2x—1

o sinh(x = y) = sinh x - cosh y + cosh x - sinh y. o sinh® x = =X,
_ - ' 2 cosh2x+1

o cosh (x = y) = cosh x - cosh y + sinh x - sinh y. o cosh® x = Coshoxts,

o sinhxtcoshx = £=8" + e = febx, o cosh? x —sinh? x = 1.
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Elementary Functions ||

Moivre formula. xXER, neN.

o (cosh x =+ sinh x)" = cosh nx = sinh nx

o Hyperbolic functions are sinh(x), cosh(x), tanh(x), coth(x) and to them the inverse
hyperbolometric functions are asinh(x), acosh(x), atanh(x), acoth(x).

(%i4) sinh(x);cosh(0);tanh(0);coth(1l),numer;

(%o1) sinh (x)

(%02) 1

(%03) 0

(%o04) 1.313035285499331

(%i8) asinh(x);acosh(1l);atanh(0);acoth(1.3),numer;
(%o05) asinh(x)

(%06) 0

(%07) 0

(%08) 1.01844096363052
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Elementary Functions ||

Hyperbolometric (Inverse hyperbolic) functions are inverses of hyperbolic functions:

Inverse hyperbolic sine
y=arsinhx =In(x+Vx2+1): R—R.
Inverse hyperbolic cosine
y =arcoshx = In (x +vx2 —1): (1;00) = (0; 00).
Inverse hyperbolic tangent
y = artanhx = I In 1£X: (-1;1) = R.
Inverse hyperbolic cotangent
y = arcothx = 1 In 2t R—(-1;1) —» R —{0}.

X—

(%i3) ash(x):=log(x+sqrt(x~2+1))$

a:2$ asinh(a)-ash(a),numer;

(%03) 0.0
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Limit of a function

o When investigating a function, it is necessary to characterize its local properties at
different intervals and around different important points.

e The function f does not have to be defined at the point around which we investigate it.

Point a€ R* is an accumulation point of the set A C R,
if for every neighborhood O(a) there exists x€ O(a) N A, x # a.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

Limit of a function

o When investigating a function, it is necessary to characterize its local properties at
different intervals and around different important points.

e The function f does not have to be defined at the point around which we investigate it.

Point a€ R* is an accumulation point of the set A C R,
if for every neighborhood O(a) there exists x€ O(a) N A, x # a.

The following definition of limits using sequences is called Heine's.

The function f has a limit b€ R* at the point a€ R*, label lim f(x) = b, if:

X—a

e ais the accumulation point of the set D(f).

o Forall {x,},2; C D(f), xo # a, {xn},—; —> a holds {f(x,)} =, — b.

If Ii_n)w f(x) = b, then there exists (at least one) {x,}—, — a, x,€ D(f) — {a}
and lim f(x) = lim f(x,) holds.
X—a n—o0
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Limit of a function

We can characterize the limit using the neighborhood O(a) and O(b).

The function f has a limit b€ R* at the point a€ R*, label lim f(x) = b, if:

X—a

e ais the accumulation point of the set D(f).

o For every neighborhood O(b) exists a neighborhood O(a) such that
for all xe O(a), x # a holds f(x) € O(b).
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Limit of a function

We can characterize the limit using the neighborhood O(a) and O(b).

The function f has a limit b€ R* at the point a€ R*, label lim f(x) = b, if:

X—a

e ais the accumulation point of the set D(f).

o For every neighborhood O(b) exists a neighborhood O(a) such that
for all xe O(a), x # a holds f(x) € O(b).

aeR. Limit at eigenpoint a.
aeR*. {
a = too. Limit at non-eigenpoint a.
lim f(x) = b.
X beR. Finite limit.
beR*. {
= +00. Infinite limit.

lim f(x) = b, where a€ R*, beR.

X—a

= o There exists O(a) in which a function f is bounded.
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Limit of a function

a€ R* is the accumulation point od sets D(f) and D(g), O(a) is the neighborhood.
VxeO(a), x #a o f(x)=g(x). = o lim f(x)= |i_>m g
X—ra

X—ra

o f(x) <g(x). = o Xlina f(x) < l@ag

x) if they exist.
x) if they exist.

~—~ | —~ — =7

VxeO0(a), x #a o f(x)<g(x). = o )![)na f(x) < XIi_}r'nag

Two Policemen and a Drunk Theorem.

a€ R* is the accumulation point od sets D(f), D(g) and D(h), O(a) is the neighborhood.

o Vxe0(a), x # a: h(x) < f(x) < g(x).
° Xlina h(x) = liﬂﬁag(x) = b, where be R*. }

x) if they exist.

= o There exists lim f(x) = b.
X—a

lim $nx =0
X—r0Q

e 00 is the accumulation point of the domain D(f) = R — {0} of the function f: y = s,
1 sin x 1 _ - 1 - sin x - 1 _ - sinx __

X—00 X—0Q X—00 X—0Q
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Limit of a function

The limit of the composite function.

Functions y = f(x), y = g(x), H(f) C D(g), a, b,ce R*, O(a) is a neighborhood.

° )!T?a f(x) = b, ngbg(u) c.

o Vx€0(a), x # a: f(x) # b } = o lim g(f(x)) = lim g(u) = c.
resp. o g(b)=c
Substitution u = f(x). = Xli_n?ag(f(x)) = S;'tit'; ?i();) = Ji_r;nbg(u).

v
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Limit of a function

The limit of the composite function.

Functions y = f(x), y = g(x), H(f) C D(g), a, b,ce R*, O(a) is a neighborhood.

° l@a f(x) = b, Iim g( )
° ver(a).X#a f(x) #
resp. o g(b)

X—a u—b

} = o lim g(f(x)) = lim g(u) =

N - Subst. u=f
Substitution u = f(x). = lim g(f(x)) = { ijaf’uﬁ(ﬁ} = Jlnbg( u).
lim f(x) = b, lim g(x) = ¢, a,b,ce R*, re R. = (If the expressions make sense.)
X—a X—a
°X|Ta‘f ‘—)hmf ‘—\b\ oxlﬂwa[r-f(x)]:r-)!lnaf(x):r-b.
o lim [f(x) ® g(x)] = Jim f(x)® lim g(x) =b@c, where ® is any of +, —, -, resp. /.

If any of the expressions do not make sense, it does not mean that the limit does not exist.
We have to calculate the limit in another way.
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Limit of a function

A function y = f(x), x€ D(f), a point a€ R.

o f7(x) = f(X)|p(r)n(=ocia) = F(X)|{xeD(F), x<a} Narrowing the function f to the left.

o f(x) = f(X)|p(F)n(aice) = F(X)|xen(f), a<x} Narrowing the function f to the right.

° XILrLL f(x)= )!@a f=(x) Left limit (from left). One-sided limits

o lim f(x) = lim f*(x) Right limit (from right). of the function f at the point a.
x—at X—ra

° Ii_rp f(x) (Two-sided) limit of the function f at the point a.
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Limit of a function

A function y = f(x), x€ D(f), a point a€ R.

o f7(x) = f(X)|p(r)n(=ocia) = F(X)|{xeD(F), x<a} Narrowing the function f to the left.

o f(x) = f(X)|p(F)n(aice) = F(X)|xen(f), a<x} Narrowing the function f to the right.

° XILrLL f(x)= l@a f=(x) Left limit (from left). One-sided limits

o lim f(x) = lim f*(x) Right limit (from right). of the function f at the point a.
x—at X—ra

° Ii_rp f(x) (Two-sided) limit of the function f at the point a.

(%i3) 1limit(1/x,x,0,minus);limit(1/x,x,0,plus);
limit (1/x%,x,0);

(%01) —o0

(%02) o0

(%03) infinity /* Complex inf */

If ac R, be R*, then holds: o limf(x)=b. & o lim f(x)= lim f(x)=b.

Xx—a x—ra~ x—at
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by lim f(x)= by
by lim f(x) = by
o - x—a
a
(—o0:2) (a:00)

E— >«
lim f(x)# lim f(x)

x—a— x—+at

One-sided limits

beerb@frcatel.fri.uniza.sk
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(—o0;a) (a;00)

E— >«
lim f(x)= lim f(x)

x—a— x—rat

Two-sided limit
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Y1 Blim fx) 7 Y
b, lim_£(x) = bz
npo sl :
Coin) (a: ) i (—00:a) (ai )

O—><«—— P

>3

lim f(x)# lim f(x)

x—a—

x—+at

One-sided limits

lim f(x)= lim f(x)

x—a— x—rat

Two-sided limit

Important limits. a,beR, a> 0.

. sinx __ . b\X _ b . 1\X __

o )!TO S = 1 o xli)moo (1 —+ ;) Sc o xli)moo (1 —+ ;) = &,

o lim 2esinx — 1 o lim /1 + bx = €. o lim+v/1+x=e.
x—0 X x—0 x—0
lim /x = 1. lim x(/a—1) =Ina. lim x(ve—1) =lne=1.

° X—)OOf ° X—r 00 (f ) ° X—r 00 (f )
lim /a=1. lim 2= — |na. lim €= —|ne=1

° x—>oof ° x—0 ° x—0 X
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Limit of a functi

When investigating the function f , it is important to examine its properties at non-eigenpoints:
o For x = +o0.

o In the neighborhood O(a) of the point a€ R,
for which holds lim f(x) = 400 or lim f(x) = 0.

X—a— x—at
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Limit of a function

When investigating the function f , it is important to examine its properties at non-eigenpoints:
o For x = +o0.

o In the neighborhood O(a) of the point a€ R,
for which holds lim f(x) = 400 or lim f(x) = 0.

X—a— x—at

A function y = f(x), x€ D(f), a point a€R.

o The line x = a is called asymptote without slope (vertical) of the graph f,

if lim f(x)=+oo or lim f(x)= £oo (at least one of the limits is infinite).
X—a~ x—at

o The line y = kx + q is called the asymptote with slope of the graph f,
if lim [f(x)—(kx+g)]=0or lim [f(x)— (kx+ gq)] =0.
X—r—00 X—> 00

Specially the asymptote y = q is called horizontal asymptote,

i.e. k=0 and X_I:rfoo f(x)=gqor Xll>rr;o f(x) = q.

v
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a \ 0 a 0
X =a X=a

|

Y| x=a y fllx=a
X X X
0 a 0 a
f

Examples of asymptotes without slope.

Px

X x+h

pry=kx+q

Asymptote with slope a.

beerb@frcatel.fri.uniza.sk

Vertical asymptote y = q.
Horizontal asymptote x = a.
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Limit of a function

The functions y = f(x), x€ D(f) and a domain D(f) is an unbounded set.

@ Theline y = kx + g is an asymptote with the slope of the graph f.
< o Exist I'Q - k, X_Ilrgoo [f(x) — kx] = q, k,qeR.

X—> L0
lim fd=(bta) _ iy [y 9] =g, = lim 9 =
X—00 X—00 X—00
Jim [f(x) = (kx+q)] = Jim [(f(x) —kx) —q] =0. = lim [f(x) — k3] = q.
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Limit of a function

The functions y = f(x), x€ D(f) and a domain D(f) is an unbounded set.

@ Theline y = kx + g is an asymptote with the slope of the graph f.
< o Exist I'Q - k, X_Ilrgoo [f(x) — kx] = q, k,qeR.

X—> L0
s f)—(kxtq) s ) 9] — i f)
Xli)mOO S - Xll)mOO [ 2 k X] - 0. é Xli)moo 2 - k.
lim [f(x) — (kx + q)] = lim [(f(x) — kx) — q] = 0. = lim [f(x) — kx] = q.
X—00 X—00 X—00 )
A function f(x) = %, x €R.
I fx) 22 4x4l _ s XR+i+5) 241+ 24040 _ 1
0 K= x—llr:Tt]oo - X—llgoo 8x? - X—llgoo 8x - x—llgoo 8 - 8 -4
— R _ _ g 234 x+1 X
¢ 9= A IR0 —hd = lim [355E 4
_ 2% 4x+1 _ 2X3) +1 1 _ 1
= Jim [Pt -5l = im gr = dim [sa]=¢d

o Theliney =7+ % is an asymptote with the slope %.
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Continuity of function

@ The concept of the limit of the function f at the point a is closely related to the concept
of the continuity of f at the point a.

o Continuity is also a local matter in some neighborhood of O(a).

The following definition of continuity at the point a€ D(f) using sequences is called Heine.

The function f is continuous at the point ac D(f), if:

o Forall {x,}2; C D(f), {xn},ey — a holds {f(xn)} =, — f(a).

o If aeD(f) is an isolated point, then the function f is continuous at point a.

(Then there exists a single {x,} -, = {a} =, — a.)
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Continuity of function

@ The concept of the limit of the function f at the point a is closely related to the concept
of the continuity of f at the point a.

o Continuity is also a local matter in some neighborhood of O(a).

The following definition of continuity at the point a€ D(f) using sequences is called Heine.

The function f is continuous at the point ac D(f), if:

o Forall {x,}2; C D(f), {xn},ey — a holds {f(xn)} =, — f(a).

o If aeD(f) is an isolated point, then the function f is continuous at point a.
(Then there exists a single {x,} -, = {a} =, — a.)

We can characterize the continuity using the neighborhood O(a) and O(f(a)).

The function f is continuous at the point ac D(f), if:

o For every neighborhood O(f(a)) exists a neighborhood O(a) such that
for all xe O(a) holds f(x) € O(f(a)), i.e. f(O(a)) C O(f(a)).
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Continuity of function

If a€ D(f) is an accumulation point,
then the definition of continuity coincides with the definition of limit.

A function y = f(x), x€ D(f), a€ D(f) is an accumulation point D(f).

o The function f is continuous at point a. < e lim f(x) = f(a).
X—a

The functions f, g are continuous at the point a€ D(f) N D(g), reR.

= o |f], oftg, orf, ofg, o é for g(a) # 0 are continuous at point a.

Continuity of a composite function.

o A function f is continuous at the point a€ D(f).
o A function g is continuous = o The function F = g(f)

at the point b = f(a)e D(g). is continuous at point a.
o H(f) C D(g).
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Continuity of function

A function y = f(x), x€ D(f), a point a€ D(f).

o 1,7 (x) = f(X)|p(r)n(=oc:ay = F(X)|ixeD(f), x<a} Narrowing the function f to the left.
o (%) = f(X)|p(f)n(aice) = F(X)|ixeD(f), a<x} Narrowing the function f to the right.
e f, (x) continuous at point a Continuity from left. One-sided continuity

o f;7(x) continuous at point a Continuity from right. of the function f at the point a.

e f(x) continuous at point a  (Two-sided) continuity of the function f at the point a.
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Continuity of function

A function y = f(x), x€ D(f), a point a€ D(f).

o 1,7 (x) = f(X)|p(r)n(=oc:ay = F(X)|ixeD(f), x<a} Narrowing the function f to the left.
o (%) = f(X)|p(f)n(aice) = F(X)|ixeD(f), a<x} Narrowing the function f to the right.
° 7 One-sided continuity

+ of the function f at the point a.

a

f,(x) continuous at point a Continuity from left. }

(x) continuous at point a Continuity from right.

e f(x) continuous at point a  (Two-sided) continuity of the function f at the point a.

A function y = f(x), x€ D(f), a point a€ D(f), a set A C D(f).

e A function f is continuous at the point a€ D(f).
= o There exists O(a) in which f is bounded.

e A function f is continuous on the set A C D(f).
= o The function f need not be bounded on A.

A function f is called continuous on the set A C D(f), if it is continuous at every point a€ A.
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o [ = (a; b) is a closed interval. = o The set (/) is a closed interval.

o [ is not a closed interval. = o The set f(/) can be an interval of different types.

/fy\ y y y y
Js
== : p
; E 3 x’ \7 1‘ - |
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Continuity of function

A function f can be discontinuous only at an accumulation point a€ R (point of discontinuity).

o Removable discontinuity
There exists Ii_n)w f(x) =beR, b # f(a).

o Non-removable discontinuity of the type I.
There exist lim f(x) = b~ €R
} b~ # bt.

X—ra—

and lim f(x)=bTeER The function f is discontinuous
X—a .
The difference ¢ = b* — b~ is called at the point a€ R.

the jump of the function f at the point a.
o HneH i Value f(a) may, but may not exist.

o Non-removable discontinuity of the type II.

At least one of lim f(x) } s st G

or is infinite.

X—a—

or X'L”; f(x)

Asymptotic discontinuity,
if one of the one-sided limits is infinite.
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Y| lim f(x) = f(a) Y| lim f(x) =00
Jm, fx) 3 Jim, £} = —eo
f(a) f(a)
f X
ol / a| 0
Removable Non-removable Non-removable Non-removable
discontinuity.  discontinuity of type |. discontinuity of type Il.  discontinuity of type Il

(asymptotic discontinuity).

Cauchy’s zero point theorem.

e A function f is continuous on (a; b).
} = o There exists c(a; b) such that f(c) = 0.
o f(a)- f(b) <O.
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Differential calculus

Nl N3l

Mathematical Analysis supported by wxMaxima
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Derivative of a real function

The function y = f(x), x& D(f) is continuous.
e The points P = [xp; f(x0)], Q = [xo+Ax; f(xo+Ax)] lie on graph f.
f(xo+Ax)—f(x0)

o The line PQ has the slope tana = S,
o The tangent line to f at point P has the form dp: y — f(xp) = tan ¢ - Ax,
where tan p = yfAfix") is its slope.
f(xo+Ax)
f(xo+Ax) — f(xo)
f
’ f
gy T P © iy (x0)
d/ Z Ax
0 ) Xo Xo+Ax X
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Derivative of a real function

The function y = f(x), x& D(f) is continuous.
e The points P = [xp; f(x0)], Q = [xo+Ax; f(xo+Ax)] lie on graph f.

o The line PQ has the slope tana = M.

X

o The tangent line to f at point P has the form dp: y — f(xp) = tan ¢ - Ax,

where tan p = %(XX") is its slope.
e Q—P. = o Ax—0.
f(xo+Ax)
Flo+ax) = f(x0) ’ o X0+ Ax — xp, o f(x0+ Ax) — f(xp)-
y
o P ? by —1o) e a— ¢, o tana — tanop.
a | - Ax o PQ — dp (the line PQ to the tangent line).
0 ) Xo Xo+Ax X
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Derivative of a real function

The function y = f(x), x& D(f) is continuous.
e The points P = [xp; f(x0)], Q = [xo+Ax; f(xo+Ax)] lie on graph f.

o The line PQ has the slope tana = M.

X

o The tangent line to f at point P has the form dp: y — f(xp) = tan ¢ - Ax,

where tan p = %(XX") is its slope.
e Q> P. = o Ax—0.
f(xo+Ax)
Mrarirlts) = o) / o X0+ Ax — xp, o f(x0+ Ax) — f(xp)-
y
o T —_& 7 by —1o) e a— ¢, o tana — tanoy.
X0
d | - Ax o PQ — dp (the line PQ to the tangent line).
0 ) Xo Xo+Ax X
o The tangent line has the slope tanp = lim tana = lim W.
a—p Ax—0 23

Geometric meaning of the derivative of a function at a point. — The slope of the tangent line.
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Derivative of a real function

A function y = f(x), x€ D(f) has a derivative at the point xo € D(f),

label f'(x0), resp. y'(x0) or f'(x0) = dfd(f)), resp. y'(xo0) = dyd(:") using differentials,
if it exists o lim f)=flx) _ [Subst h:X_XO} = lim foth)=flo) _ 105
x—xg XX X —xp, h—0 h—0 h ’

o '(x0)ER. Eigen (finite)

derivati f the f at th int xp.
o f'(xg) =00 or f'(xg) = —c0. Non-eigen (infinite) } erivative of Ehe T at Hhe point o
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Derivative of a real function

A function y = f(x), x€ D(f) has a derivative at the point xo € D(f),

label f'(xo0), resp. y'(xo) or f'(x0) = dfd(f)), resp. y'(xo0) = dyd(:") using differentials,
if it exists o lim fX)=fbo) Subst. h:X_XO} = lim M = f'(x0).
x—xg XTX0 X —xp, h—0 h—0
f'(x0) €R. Eigen (finite
° ,(XO) , e ( n ) - derivative of the f at the point xg.
o f'(xg) =00 or f'(xg) = —c0. Non-eigen (infinite)

A function y = f(x), x€ D(f), point x, € D(f).

o There exists f'(xp) € R (finite). = o f is continuous at the point xp.

The continuity of the function f at the point xp does not guarantee the existence of f’(xp).

The function f: y = |x| is continuous at the point xp = 0.

o But, there does not exist /(0) = Iimo f(xx):g(o) = lim @ =
X—
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Derivative of a real function

f'(x0) represents geometrically the slope of the tangent line to the graph f at the point xp.
o '(x0) € R. Tangent line d: y = f(xo) + f'(x0)(x — x0) with slope '(xp).

o f'(x0) = £oo and f is continuous at the point xp.
Tangent line d: x = xp without slope (vertical).
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Derivative of a real function

f’(x0) represents geometrically the slope of the tangent line to the graph f at the point xp.
o '(x0) € R. Tangent line d: y = f(xo) + f'(x0)(x — x0) with slope '(xp).

o f'(x0) = £oo and f is continuous at the point xp.
Tangent line d: x = xp without slope (vertical).

We calculate the derivative of the function f(x) = In(x + v/x2 + 1).

(%il) f(x):=log(x+sqrt(x~2+1));
(%01) f(x) :=log(x +v/x2 + 1)

(%i3) f_1(x):=diff (£(x),x);f_1(x);
(%02) f_1(x) := Lf(x)
( 4
(
(

X
+1
%03) Vx241
Vx2+1+x

%i4) ratsimp(£f1(x));

0 Vx2+14+x
404) xV/x2+14x2+1

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

03 01 02 03 04 05

Derivative of a real function

A function y = f(x), x€ D(f), a point xo € D(f).

o ' (x0) = lim w Derivative from left.
x—bx; 0 One-sided derivatives

o fl(x) = |im+ f(xi:)qum) Derivative from right. of the function f at the point xp.
X—)XD

o f(x) = lim f)=Flx) (Two-sided) derivative of the function f at the point xo.
X—>X0
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Derivative of a real function

A function y = f(x), x€ D(f), a point xo € D(f).

o ' (x0) = lim w Derivative from left.
x5 0 One-sided derivatives

o fl(x) = |im+ f(xl:)qum) Derivative from right. of the function f at the point xp.
X—)XD

o f(x) = lim f)=Flx) (Two-sided) derivative of the function f at the point xo.
X—>X0

A function y = f(x), x€ D(f), a set A C {xo€ D(f), f'(x0) is finite}, A # (.

o Then y = f’(x), x€ A is a function
and is called the derivative of the function f on the set A, label f/ = % resp. y' = j—i

A function y = f(x), xe D(f), a set A C D(f).
o Vxg€A: f'(xp) €R (finite derivative). = o The function f is continuous on the set A.

The exponencial function f: y =e*, xeR.

X (oh _ ) h
€=l _ ox . im el —eX.1=¢ forall xER.

x+h

o [¢] = lim &= = lim
h—0 h—0 h—0
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Derivative of a real function

Derivatives of basic elementary functions.

o [c]=0 forx€R, ceR. o [x]' =1 for xeR.
° [X”]/ = nx"1 forx€R, neN. o [Xa]/ = agxa! for x >0, aeR.
o [eX] =e forxeR. o [a¥]'=a%Ina for xéR, a > 0.
o[lnx]’:% for x > 0. o[logax]’leﬁa forx>0,a>0, a#1.
o [sinx]" = cos x for xéeR. o [cosx] = —sinx for xER.
° [tanx]’:coslzx forx#@,kel ° [cotx]’:—sinﬁx for x # km, ke Z.
o [arcsin x|’ = \/1177 for x€(=1;1). o [arccosx] = — 11_X2 for xe (—1;1).
° [arctan X]/ = H% for xeR. o [arccotx]/ = —ﬁ for xeR.
o [sinh x]" = cosh x for x€R. o [coshx]’ = sinh x for x€R.
° [tanh X]/ = Cosizx forxeR. o [coth x]’ = 7ﬁ for x #£ 0.
e [arsinhx]’ = \/xiﬁ forx€R. o [arcosh x]' = i for x > 1.
s _1 .
o [artanh x]" = 1—x2 for xe(=1;1). [arcoth x] = 1sz for xée R — (—1;1).

For practical needs, it is necessary to remember the formulas from the table.
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Derivative of a real function

In the practical calculation of derivatives, we use various formulas and rules.

Rules for derivation.

Functions f, g have derivatives f/, g’ on the set A # (), a point xo €A, a number ceR. =
o (cf)(x0) = cf'(x0), o (cf) = cf’.
o (F+g)(%) = (x) + &) o (fig)=ftg.
o (fg)'(x0) = f'(x0)8(x0) + f(x0)8(x0). o (fg) =f'g+1fg.
[é] _f (Xo)g(X;g(*ngXo)g x0)  for g(x0) #0, A [é} g
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Derivative of a real function

In the practical calculation of derivatives, we use various formulas and rules.

Rules for derivation.

Functions f, g have derivatives f/, g’ on the set A # (), a point xo €A, a number ceR. =
o (cf)(x0) = cf'(x0), o (cf) = cf’.
o (F+g)(%) = (x) + &) o (fig)=ftg.
o (fg)'(x0) = f'(x0)8(x0) + f(x0)8(x0). o (fg) =f'g+1fg.
[é] _f (Xo)g(X;g(*ngXo)g x0)  for g(x0) #0, A [é} g

Functions f, g, h have derivatives f’, g/, h' on the set A # ().
o [t = [(R)H) = (fe)'h+ ()W = [ + f2'|h + feh = Flgh-+ fi'h + fgh
A function f have derivative f'(x) # 0 on the set A # 0.

/ 1-f(x)—1-f"(x 0—f'(x
O [ﬁ} = (f)2(x) & — fZ(X()) = TPk
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Derivative of a real function

The derivative of the inverse function.

The function y = f(x), x€/ is a bijection, | C R is an interval, xo €/ is an interior point.

o f is continuous on /.

o f'(xo) # 0 is finite.

} = o Bxists [ (o) = f/(1Xo) xo=F~1(yo) - m
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Derivative of a real function

The derivative of the inverse function.
The function y = f(x), x€/ is a bijection, | C R is an interval, xo €/ is an interior point.

1

e f is continuous on /.
} = o Exists [f 1] (y) = e

o f'(xo) # 0 is finite.

_ 1
— F(FT i)

xo=Ff~1(yo)

The function f: y = X, x€ R is continuous and increasing, f'(x) = e* £ 0 for x€ R.

o fLix=lIny, ye(0;00).
1

1 1
elny

o
x=Iny

O [lny]/ = [f_l]/()/) = f’%x) = [el]/ = = = )l/ for yE(O; OO)

x=Iny

: %) is continuous and increasing,

The function f: y = sinx, x¢€ (—g
f'(x) = cosx = /1 —sin®x > 0 for xe (~T; 7).

o flix=arcsiny, ye(-1;1).
_ 1

x=arcsin y \/1—sin? x | x=arcsin y
1 1

= ~ for ye(=1;1).

_ 1
cos x

o J[arcsiny] = ﬁ

x=arcsin y

- \/1—[sin arcsin y]? m

http://frcatel.fri.uniza.sk /users /beerb
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Derivative of a real function

The derivative of a composite function.

Functions u = f(x), xe D(f), y = g(u), ue D(g) so that H(f) C D(g),
a composite function y = F(x) = g(f(x)), x€ D(f).

} = o F'(x0) = [g(f(x0))]" = &'(f(x0)) - f'(x0)-

o XOED(f), upg = f(XO)
o f'(x0), g'(uo) are finite.
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Derivative of a real function

The derivative of a composite function.

Functions u = f(x), xe D(f), y = g(u), ue D(g) so that H(f) C D(g),
a composite function y = F(x) = g(f(x)), x€ D(f).

o o€ D(f), ug = f(xo).
R } = o F'(x0) = [g(f(x0))] = &'(f(x0)) - f'(x0)-

o f'(x0), g'(uo) are finite.

/

o [#] =[e""] = [e"] =& [xIna) = a*-Ina, xeR, a>0, a#1.
° [Xa]/ _ [elnxa]/ [ }/ :ealnx_[amX]/ — x2 g —_ aXafl, X > 0v aceR.
o [x] = e'"XX}/ [X'”X}, e [xInx] =x*-[1-Inx+x-1] =x*-[1+Inx], x > 0.

[
[sin (sin (sin x))]" = cos (sin (sin x)) - [sin (sin x)]’

= cos (sin (sin x)) - cos (sin x) - [sin x]" = cos (sin (sin x)) - cos (sin x) - cos x, x € R.

x€D(f), (x) > 0, there exists f'(x). = [Inf(x)]' = 2.

= o f'(x)=f(x)-[In f(x)}/ (Logarithmic derivative of the function f).
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Differential of a function and derivatives of higher orders

o We often need to approximate the given function f by another, simpler function g so that
the difference |f(x) — g(x)| was as small as possible.

o Mostly, local approximation is enough in some neighborhood O(xg) of the xo € D(f).

A function y = f(x), x€ D(f), a point xg € D(f), there exists a finite '(xp).

o df(xp,x — x0) = f'(x0) - (x — x0), xER.

} Differential of the function f at the point xg.
o df(xp, h) = f'(x0) - h, heR.

Then the function f is called differentiable at the point xg.
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Differential of a function and derivatives of higher orders

o We often need to approximate the given function f by another, simpler function g so that
the difference |f(x) — g(x)| was as small as possible.

o Mostly, local approximation is enough in some neighborhood O(xg) of the xo € D(f).

A function y = f(x), x€ D(f), a point xg € D(f), there exists a finite '(xp).

o df(xp,x — x0) = f'(x0) - (x — x0), xER.

} Differential of the function f at the point xg.
o df(xp, h) = f'(x0) - h, heR.

Then the function f is called differentiable at the point xg.

The function f: y = x, x€R, xR, f'(x) =1 (finite).
o dx = df(x0, h) = f'(x0) -h=1-h=h, heR.
A function y = f(x), x€ D(f), a point xg € D(f), where f'(xg) € R (finite).

o df(x0) = df(x0, h) = F'(x0) - h = f'(x0) - dx, heR. = o f/(xo) = ¥ resp. £/ = df,
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Differential of a function and derivatives of higher orders

The best local linear approximation.
A function y = f(x), x € D(f) is differentiable at the point xo € D(f).
o Approximation of the function f in the neighborhood O(xp) using at the point xg
the tangent line d: y = f(xo) + ' (x0)(x — x0) = f(x0), x€ O(x0)
is the best of all approximations using a linear function (straight line).
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Differential of a function and derivatives of higher orders

The best local linear approximation.
A function y = f(x), x € D(f) is differentiable at the point xo € D(f).
o Approximation of the function f in the neighborhood O(xp) using at the point xg
the tangent line d: y = f(xo) + ' (x0)(x — x0) = f(x0), x€ O(x0)
is the best of all approximations using a linear function (straight line).

Calculate approximately v/1.06.
o Let us denote f(x) = ¢/x = x'/%, x > 0, xp = 1. o f(x)=1(1)=1.

o F(x)= VY = L S/0 = o x> 0. o F/(x0) = (1) = L.
o Let O(1) be such that 1.06 € O(1).
= o Yx=f(x) = f(1)+f(1) (x—1) =1+ 251 = o=l — xi5
0

= o v/1.06 = f(1.06) ~ %

Exactly v/1.06 = 1.0097588, calculation error < 0.00025.
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Differential of a function and derivatives of higher orders

(%i9)

(%08)

c:1.06% f(x):=x"(1/6)% s:1$ f1(x):=diff(f(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))*(x-s)$
h(c):=print("c=",c,’f(c),"=",float(£f(c)),"approx",
subst (c,x,float (p(x))))$ fpprintprec:8% p(x); h(c)$
=149

¢’=1.06 f(1.06) = 1.0097588 approx 1.01
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Differential of a function and derivatives of higher orders

(%i9) c:1.06% f(x):=x"(1/6)% s:1$ f1(x):=diff (£(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))*(x-s)$
h(c):=print("c=",c,’f(c),"=",float(£f(c)),"approx",
subst (c,x,float(p(x))))$ fpprintprec:8% p(x); h(c)$

(%08) % +1
¢’=1.06 (1.06) = 1.0097588 approx 1.01

The variable fpprintprec:8 sets the output to 8 digits.
The approximation of the function f makes sense only for x near the point xp.

(%i18) h(.9)$h (1.1)$h(1.2)$h(1.5)$h(2.0)$h (4)$h (9)$h (30)$h (64)$
c=0.9 £(0.9) =0.98259319 approx 0.98333333
c=11 £(1.1)=1.0160119 approx 1.0166667
c=12 f(1.2) =1.0308533 approx 1.0333333
c=15 f(1.5)=1.0699132 approx 1.0833333
c =20 f(2.0)=1.122462 approx 1.1666667
c=4 f(4)=1.259921 approx 1.5
c=9 f(9)=14 422496 approx 2.3333333
c=30 f(30)=1.7627344 approx 5.8333333
c=64 f(64)=2.0 approx 11.5
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Differential of a function and derivatives of higher orders

A function y = f(x), x€ D(f) is differentiable, then (if they exist):
o y="F(x)=FfA(x), x€cA C D(f), Ay # 0.
First-order derivative (first derivative) of f on the set A;.

o y=If(x)] =f"(x) = fO(x), xeh C Ay, Ay # 0.
The second-order derivative (second derivative) of f on the set Aj.

o y=[f"()] = f"(x) = fO(x), x€As C Ay, A3 #0.
Third-order derivative (third derivative) of f on the set As.

o y=[f (X)) = fN(x), xEA, C Ap_1, A, # 0.
The derivative of the n-th order (n-th derivative) of f on the set A,,.

Specially: o y = f(x) = fO(x), xe D(f). Zero derivative (0-th derivative) of f.

The n-th derivative of a function f at the point xo € D(f) (if it exists):

i o FOG) D Gg) L A g+h)— AT ()
("] f( )(Xo)—xll_)n?(oT—illTO h ,XEAn,nEN.

The function f("=1) must be defined in some neighborhood of O(xp).
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Differential of a function and derivatives of higher orders

Calculating ("), ne N can be very laborious in general.
A function y = x*, x€ R, where ke N.
o [X|M =k(k—1)---(k—n+1)xk"" xeR forn=1,2,... .k,
[XK' = kxk =1, [xK)7 = k(k — 1)x*2, [xK]"" = k(k — 1)(k — 2)x*=3, ..., [x¥]®) = k1.
o [x|M =0, xeRforn=k+1,k+2,k+3,...,
[Xk](k+1) — [k!]’ =0, [Xk](k+2) _ [Xk](k+3) — [0]/ =0, ...

(%i9) f(x,k):=x"k;fn(x,k,n):=diff (£f(x,k),x,n)$
fn(x,k,1);fn(x,k,2);fn(x,k,k);
fn(x,5,1);fn(x,5,2);fn(x,5,5);fn(x,5,6);

(%01) f(x, k) := x*

(%03) kxk1

(%04) (k — 1)kx*2

(%05) dd7xk

(%06) 5x*

(%o07) 20x3

(%08) 120

(%09) 0
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Differential of a function and derivatives of higher orders

The function y =e*, x€R. = o [X](W =X, xcR forall n=10,1,2,3,....

The function y = sinx, x€R. The function y = cosx, x € R.

o [sinx] = cosx, o [cosx] = —sinx,
[sin x]"” = [cosx]" = —sinx, [cosx]” = [—sinx]’ = — cos x,
[sin x]"" = [cos x]"" = — cos x, [cos x]"" = [~ cos x]” = sin x,
[sin x]*) = [cos x]"" = sinx, [cos x]™ = [sinx]"”" = cos x,
[sin x]®) = [cos x]®*) = cos x, ... [cos x]®) = [cos x]*®) = —sinx, ...

o [sinx]™ = [sinx]("**) for n€ NU{0}, o [cosx](" = [cosx]("**) for n € N U {0},
[sin x]?%) = (—1)sin x, [cos x]?K) = (—1)k cos x,
[sin x]k—1) = (~1)k*1cos x, k € N. [cos x]?k=1) = (—1)ksinx, k € N.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

03 01 02 03 04 05

Differential of a function and derivatives of higher orders

The function y =e*, x€R. = o [X](W =X, xcR forall n=10,1,2,3,....

The function y = sinx, x€R.

[sinx]" = cos x, °
[sin x]"” = [cosx]" = —sinx,

[sin x]"" = [cos x]"" = — cos x,

[sin x]*) = [cos x]"" = sinx,

[sin x]®) = [cos x]®*) = cos x, ...

[sin x](" = [sin x]("*4) for n € N U {0}, °
[sin x]?%) = (—1)sin x,

[sin x]k—1) = (~1)k*1cos x, k € N.

Leibniz formula.

The function y = cosx, x € R.

[cosx]" = —sinx,

[cosx]” = [—sinx]’ = — cos x,

[cos x]"" = [~ cos x]” = sin x,
4 —

[cos x] [sinx]"”" = cos x,

[cos x]®) = [cos x]*) = —sinx, ...

[cos x](") = [cos x]("*4) for n € N U {0},
[cos x]K) = (1) cos x,

[cos x]?k=1) = (—1)ksinx, k € N.

Functions f, g have derivatives on the set A up to the order n€ N (including).

o [f2]™ = ;)(,)f(" Ngli) —

(1) FMg® +

+ ()M 4

() O,
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Applications of the derivative of a function

Theorems about the mean value of a function (Rolle's, Lagrange's) and I'Hospital’s rule are
among the most common applications of derivation in practice.

Rolle’s mean value theorem.

e A function f is continuous on (a; b).
o f(a) =f(b).
o f'(x)€R* for all x€(a;b).

= o There exists c€(a; b): f'(c) =0,
c=a-+0(b— a), where 6€(0;1).

v
Lagrange’s mean value theorem.

e A function f is continuous on (a; b).
o f'(x)€R* for all x€(a;b).

b—a

} = o There exists c€(a; b): f'(c) = f(b)—f(a)

\
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Applications of the derivative of a function

Theorems about the mean value of a function (Rolle's, Lagrange's) and I'Hospital’s rule are
among the most common applications of derivation in practice.

Rolle’s mean value theorem.

e A function f is continuous on (a; b).
o f(a) =f(b).
o f'(x)€R* for all x€(a;b).

= o There exists c€(a; b): f'(c) =0,
c=a-+0(b— a), where 6€(0;1).

v
Lagrange’s mean value theorem.

e A function f is continuous on (a; b).
o f'(x)€R* for all x€(a;b).

b—a

} = o There exists c€(a; b): f'(c) = f(b)—f(a)

\

Let us denote b = a+ h, h€ R, for sufficiently small h we can assume a + 0h = a.
o h=b—a c=a+0(b—a)=a+6h 6€(0;1).
o f(b)—f(a)=Ff(a+h)—r(a)="r'(a+6h)-h heR, 6€(0;1).
o f(a+h)="f(a)+f'(a+0h)-h=f(a)+ f'(a)h=f(a)+df(a,h).
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Applications of the derivative of a function

Rolle's and Lagrange's mean theorems guarantee the existence of c € (a; b).
However, we cannot find such points with them, nor can we determine their number.

y

f'(c1) =0 /f
f(a) = f(b) T : A i

/|

() =0

o f'(c)=0
means that the tangent line to the
graph of the function f at the point ¢
is parallel to the x axis.
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Applications of the derivative of a function

Rolle's and Lagrange's mean theorems guarantee the existence of c € (a; b).
However, we cannot find such points with them, nor can we determine their number.

y

/|

f'(c1) =0 /f
f(a) = f(b) T : A i

() =0

f'(c)=0

means that the tangent line to the
graph of the function f at the point ¢
is parallel to the x axis.

beerb@frcatel.fri.uniza.sk

xan &

f! \Cx\ —

«a

xan &

¢! \cz\ -

(o) = 9=

means that the tangent line to the
graph of the function f at the point ¢
is parallel to the line connecting

the points [a; f(a)] and [b; f(b)],

i.e. f'(c) =tana.
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Applications of the derivative of a function

Indefinite expressions of the type g, resp. > are often they calculate using I'Hospital’s rule.

L'Hospital’s rule. Functions f, g, a point a€ R*, a neighborhood O(a).

o f'(x)eR*, g'(x)eR* for all xe O(a), x # a. .
o lim £0 — pe R,

x=a &) = o lim &4 = lim 704 —p
o lim f(x) = £o0, lim g(x) = +oo [L'H=]. } x—a 8 x—a 81X
xX—a xX—a
. o 0o
resp. o Xlina f(x) = l@ag(x) =0 [L'HY].

The existence of lim £ does not imply the existence of lim fl,(x).
x—a &(x) x—a &' (%)

<

o It is very important to verify all the assumptions of I'Hospital’s rule.

o Validity of the assumption lim ;8 = be R* is verified continuously during the calculation.
X—ra

o We can also use L'Hospital's rule several times in a row:

== lim B9 e,

I
x—a &7 (x) x—a 89 (x)
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Applications of the derivative of a function

A function y = f(x), x€ D(f), a point xo€ D(f), n € N,
a neighborhood O(xo) C D(f), f'(x0), f"(x0), ..., F{"(x0) ER (finite).

Taylor polynomial of degree n of the function f centered at the point xp is defined as

n / 1 n n
° T,,(X):kz 0l =) _ f(yg) 4 Flobbem) Ly A0 be) e ().
=0

For xo = 0 is called Maclaurin polynomial

k!

o To(x)= > L0 _ (o) 4 £Q@ux  F1OE L SO e ).
k=0
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Applications of the derivative of a function

A function y = f(x), x€ D(f), a point xo€ D(f), n € N,
a neighborhood O(xo) C D(f), f'(x0), f"(x0), ..., F{"(x0) ER (finite).

Taylor polynomial of degree n of the function f centered at the point xp is defined as

n n n
° T,,(X):kz 0l =) _ f(yg) 4 Flobbem) Ly A0 be) e ().
=0

For xo = 0 is called Maclaurin polynomial

no (k) Xk 7(0)-x 1700)-x (M (0).x"
Tab) = 3 = £(0) + ZQx 4 FQ@X 4 4 2O e 0(0).

Let us denote h = x — xp, x = xo + h, he O(0).

). ). ). ™)
° Tn(X0+h):Z%:f(Xo)+#+%°[)hz+.. +% he 0(0).

k=0
The remainder R,(x) = f(x) — T,(x) expresses the approximation error of f using T,(x).
o Ri(x)= f(m)(X°+9((anr§°)%)'(x_x°)n+l, x € O(xp), where 6€(0;1). (Lagrangian form.)
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Applications of the derivative of a function

The best local approximation using polynomials.

Approximation of f using T,(x) of degree n€ N in the center xo € D(f):
o It has the local character in a neighborhood O(xp).

e It is the best of all approximations using degree n polynomials.
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Applications of the derivative of a function

The best local approximation using polynomials.
Approximation of f using T,(x) of degree n€ N in the center xo € D(f):
o It has the local character in a neighborhood O(xp).

e It is the best of all approximations using degree n polynomials.

F(x)=v1+x=(x+1)3, xe(—1;00), x0 =0, f(x) = £(0) =

o FE=30tD)E = s x> o1 o F(0)= 1.
o f'(x)=-2 L(x+1)73 :ﬁﬂo —il, o f"(0)= 2.
o f(x)=-3-(-2)-(x+1)"3 = ﬁ x>-1. e f"(0)=1
= o VIHx~ Ta(x) = £(0) + FQx 4 F1OE | O _ g 4 x 2 52 0(0).
~ Th(x) = f(0) + (ﬁ) 4+ f”(20) =1+3-%,xe0(0) with error Ry(x).
~ Ti(x) = f(0) + ( ) =1+3, x€0(0) with error Ry(x).
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Applications of the derivative of a function

We calculate the Taylor polynomial T,(x) of the function f(x) = v/x? + 1.
e Manual derivation is quite laborious.

(%i2) f£(x):=sqrt(x~2+1)$ print("f(x)=", f(x),
"o fo(x)=", diff(£f(x),x),
", £’ (x)=", ratsimp(diff (£(x),x,2)),

", £22°(x)=", ratsimp(diff (£f(x),x,3)))$
(0= VL, 1100 = e, 7(e) = 5, 1700 = el
(%i3) taylor (f(x),x,0,1);
14--.
0i4) taylor (f(x),x,0,2);
(%i4) taylor (£(x) )
145+
(%i5) taylzor(f(x),x,O,B);
i okl
0i6) taylor (£(x),x,0,4);
(%i6) taylor (£(x) )
1+5 —%F+:.--
(%i7) taylzor(f(x),x,OS,18);

X2 x x® _ 5x 70 21X | 33xM  420x1% | 71548
1+ T -8t 1t e 1024 T 2048 32768 T 65536 T
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Investigation of behaviour of functions

An important part of the investigation of the behaviour of the function is the determination of
the intervals, for which this function is monotonic.

A function f is continuous on an interval /, for all x €/ there exists f'(x) € R (finite).

The function f is on | e increasing. < For all xe/ holds o f’(x) > 0.
o decreasing. & o f'(x) <
e non-decreasing. < e f'(x) >0.
@ non-increasing. < o '(x) <0.
e constant. & o '(x)=0.
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Investigation of behaviour of functions

An important part of the investigation of the behaviour of the function is the determination of
the intervals, for which this function is monotonic.

A function f is continuous on an interval /, for all x €/ there exists f'(x) € R (finite).

The function f is on | e increasing. < For all xe/ holds o f’(x) > 0.
o decreasing. & o f'(x) <
e non-decreasing. < e f'(x) >0.
@ non-increasing. < o '(x) <0.
e constant. & o '(x)=0.

4

A necessary condition for the existence of a local extremum.
A function y = f(x), x€ D(f), xo € D(f) is an interior point of D(f), there exists f'(xp).

o The function f has a local extremum at the point xo. = o f'(x) = 0.

o The function 7 can have a local extremum at a point where the derivative does not exist.

o f'(xp) = 0 does not guarantee a local extremum of the function f at the point xo € D(f).
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Investigation of behaviour of functions

o If f/(x0) = 0 holds, then the point xo € D(f) is called stationary.
When searching for local extrema of the function f, we have to investigate:

o All points x € D(f) for which holds f’(x) = 0.
o All points x € D(f) in which f’(x) does not exist.

When searching for the global extrema of the function f, we must additionally investigate:

o All boundary points x € D(f).
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Investigation of behaviour of functions

o If f/(x0) = 0 holds, then the point xo € D(f) is called stationary.
When searching for local extrema of the function f, we have to investigate:
o All points x € D(f) for which holds f’(x) = 0.
o All points x € D(f) in which f’(x) does not exist.
When searching for the global extrema of the function f, we must additionally investigate:

o All boundary points x € D(f).

A sufficient condition for the existence of a local extremum.

A function y = f(x), x€ D(f), xo € D(f), f'(x0) = 0, there exists f'(x) for all x € O(xp).

o f'(x) > 0 for x < xp (increasing on the left). . ) _
: k = o f(xp) is a strict local maximum.
f'(x) < 0 for x > xo (decreasing on the right).
(

o f'(x) < 0 for x < xp (decreasing on the left).

(x)
(x) : : -
= o f trict local .
f’(x) > 0 for x > xg (increasing on the right). ° flxo) is a strict local minimum
(x)

o f'(x) >0, resp. f'(x) < 0 for x # xo. = o f(xp) is not extremum.
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Investigation of behaviour of functions

When investigating local extrema of a function, we can also use its second derivative.

y = f(x), xe D(f), xo€ D(f), f'(x0) =0, f"(x0) € R — {0} (finite nonzero).

If f'(x0) =0and o f"(x) <0.= o f(xp) is a strict local maximum.

o ’(xp) > 0. = o f(xg) is a strict local minimum.

f(x) =x3—6x>+9x -2, x€R.
o f/(x)=3x>—-12x+9, f’(x)=6x—12, x€R. o f/(x)=0. & x=1orx=3.
f"(1)=-6<0. =f(1)=1-6+9-2=2>0 is a strict local maximum.
f"(3)=6>0. =1f(3)=27—-54+27—2=-2<0 is a strict local minimum.
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Investigation of behaviour of functions

When investigating local extrema of a function, we can also use its second derivative.

y = f(x), xe D(f), xo€ D(f), f'(x0) =0, f"(x0) € R — {0} (finite nonzero).

If f'(x0) =0and o f"(x) <0.= o f(xp) is a strict local maximum.

o ’(xp) > 0. = o f(xg) is a strict local minimum.

f(x) =x3—6x>+9x -2, x€R.

o f/(x)=3x>—-12x+9, f’(x)=6x—12, x€R. o f/(x)=0. & x=1orx=3.
f"(1)=-6<0. =f(1)=1-6+9-2=2>0 is a strict local maximum.
f"(3)=6>0. =1f(3)=27—-54+27—2=-2<0 is a strict local minimum.

If f'(x0) = f"(x0) = 0, then the function f at the point xo may or may not have an extremum.

o The function f(x) = x3, x € R does not have an extremum f(0) = 0 at the point x = 0.
f'(x) = 3x2, f"(x) = 6x, f'(0) = f"(0) = 0.

[x3 < f(0) =0 for x < 0 and x3 > f(0) = 0 for x > 0.]

o The function f(x) = x*, x € R has a strict local minimum f(0) = 0 at the point x = 0.
f'(x) = 4x3, f"(x) = 12x2, f'(0) = f’(0) = 0. [x* > £(0) = 0 for all x #0.]
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Investigation of behaviour of functions

A function f is continuous on an interval /, for all x €/ there exists '(x) € R (finite).

fison | e convex. < f'ison | e non-decreasing.
@ concave. & @ non-increasing.
o strictly convex. & @ increasing.
o strictly concave. <& o descreasing.

A function f is continuous on an interval /, for all x €/ there exists f”(x) € R (finite).

fison /| e convex. < For all x€/ holds o f"(x) > 0.
@ concave. <= o (x) < 0.
o strictly convex. & f(x) > 0.
o strictly concave. <& o f'(x) <

When investigating the convexity and concavity of the function f, we must examine:

o All points x € D(f) where the function f is continuous and for which exists f”/(x) = 0.

o All points x € D(f) where the function f is continuous and in which f”(x) does not exist.
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Investigation of behaviour of functions

A necessary condition for the existence of an inflection point.

A function y = f(x), x€ D(f), xo € D(f) is an interior point of D(f), there exists f'(xp).
o The point X is the inflection point of the function f. = o f”(xp) = 0.

e The function f can have an inflection at a point where the second derivative does not exist.

A function y = f(x), x€ D(f), xo€D(f), f'(x0) € R, there exists f”'(x) for all x& O(xo).

o (x) >0 for x < xp (convex on the left).
f(x) < 0 for x > xg
o (x) <0 for x < xo
f"(x) > 0 for x > xg

o /(x) >0, resp. f"(x

}:> @ Xp is the inflection point of f.

—

concave on the right).

—

concave on the left). ) ) ) )
= @ Xg is the inflection point of f.

=

convex on the right).

~—

< 0 for x # xg. = @ Xp is not an inflection point of f.

y = f(x), x€ D(f), x € D(f), f"(x0) = 0, f""(x0) €R.

o (x0) # 0 (non-zero). = e X is the inflection point of f.
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Investigation of behaviour of functions

We can generalize the previous results.

y = f(x), x€ D(f), point xo € D(f), n€ N.

f'(x0) = " (x0) = --- = F"V(x0) = 0, FN)(x) # 0.
o n=2k—1, o f(W(x9) > 0. = o f is increasing at the point xp. f(x0) is not
keN (odd). { o f(W(x9) < 0. = o f is decreasing at the point xg. } extremal.
o n =2k, o f(M(x0) > 0. = o f(x) is a strict local minimum.
keN (even). { o f(W(x9) < 0. = o f(x) is a strict local maximum.

y = f(x), xe D(f), point xo € D(f), n€ N.

f'l(x0)ER, f'(x0) = --- = FIV(x) = 0, F(N)(xg) # 0.

o n=2k+1, keN @ Xp is the inflection point of the function f.
(odd).

o n=2k, keN o f("(xp) > 0. = o f is strictly convex at the point xo.
(even). { o f(M(x0) < 0. = o fis strictly concave at the point x.

\
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Behaviour of functions

Investigating the behaviour of the function f means determining:

Domain D(f), points and intervals of continuity and discontinuity.
Evenness, oddness, periodicity, respectively other special properties.
One-sided limits at discontinuity points, boundary points, and +oo points.
Zero points; intervals on which f is positive and negative.

f’, stationary points, local and global extrema; intervals on which f is increasing,
decreasing and constant.

f”, inflection points; intervals on which f is convex and concave.
Asymptotes without slope and asymptotes with slope.

Codomain H(f) and sketch the graph of the function.

The graph usually gives us the most vivid idea of the behaviour of the function. During
its construction, we use all the data found.

Of course, many times they are insufficient, so we have to supplement them with
appropriately chosen functional values.
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Basic Terms

o We motivated the introduction of the concept of derivative by the task of determining the
instantaneous speed of a mass point, which moves in a straight line.

o We can reverse the problem and look for the trajectory of the mass point provided we
know its instantaneous velocity at the given time.
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Basic Terms

o We motivated the introduction of the concept of derivative by the task of determining the
instantaneous speed of a mass point, which moves in a straight line.

o We can reverse the problem and look for the trajectory of the mass point provided we
know its instantaneous velocity at the given time.

The function f(x), x € I is defined on the open interval / C R.
The function F(x), x € [ is called a primitive function (antiderivative) to the function f(x)
on the interval /, if the derivative F’(x) exists for all x € [ and F'(x) = f(x) holds for all x € /.

A function F(x) is primitive to the function f(x) on the interval /, ¢ € R (constant).

= o The function G(x) = F(x) + c is primitive to the function f(x) on the interval /.

o It follows from the definition, that primitive function F is continuous on the interval /.

Functions F(x), G(x) are primitive to the function f(x) on the interval /.

= o The function (F — G)(x) = F(x) — G(x) is constant on the interval /.
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Basic Terms

All primitive functions to a given function f(x), x € / on the interval / differ from each other
by a constant and form the set {F(x) + ¢, c € R}, where F is any of the primitive functions.
This set is called indefinite integral of the function f on the interval / and is denoted

° /f(x)dx:{F(x)+c,x€I,cGR}:F(x)+c,x€/, ceR.

f(x), x € | is continuous on the interval /.

= o There exists /f(x) dx.

The integrate command is used to integrate in the wxMaxima.

(%il) ’integrate (1/(1+x72) ,x)

(%o1) /Xz—l+1 dx
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Basic Terms

(%i1) £(x):=1/(1-x"72); integrate (f(x),x);

(%o1) =
(%02) Iog)(;Jrl) _ Iog(;fl)

o Differentiation and integration are inverse operations on the interval /.

The function F is primitive to the function f on the interval /, c € R.

For all x € I holds:

o { / £(x) dx}/ = [Fe)+e =f0. o / Fi(x)dx = / Abdebe = (=604

(%il) integrate (1/(1+x72) ,x);
(%o01) atanx

(%i2) diff (%,x);

(

%02) ﬁ
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Basic Terms

Indefinite integrals of basic elementary functions. (1st part)
o/dx:/ldx:x+c for x € R. /adx 1+c fora# —1, x #0.
o/%=|n|x|+c for x # 0. =In|f(x)|+ ¢ for f(x) #0
o/eade:§+c for a#0, x € R. =Z +c fora>0a#lxeRr.

cos axdx = S'";X +c fora#0, x € R.

\\

° /sinaxdx:—%—kc fora#0, x € R.

dx _ cot ax __ tanax
o/sin2.3><_ a +c °/coszax_ a +c

fora#0,x€Rx# ke Z fora#0, x € R, x# & y ez

o/sinhaxdx:%Jrc fora#0, x € R. o/coshaxdx:%Jrc fora#0, x € R.

sinh? ax cosh? ax a

o/.dx I*%+C for a0, x #0. o/ S A o o fora#0, x € R.
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Basic Terms

Indefinite integrals of basic elementary functions.

dx 1 X - _1 X

° /Xz—ﬂz_aarctana—&—q— S arccot X + ¢,
dx  _ [ 1 1 1 _ 1 x—a

O /xzfa2 - /2a [xfa x+a:| dx = 2a In x+a +c
dx R X X

o = arcsin — C1 = — arccos — )
g o] A o] T €2

q dx
I P—ap

:In’X+\/X2fa2‘ e

Zs =In(x+Vx2+ &) +c,

(2nd part)

fora#0, x € R.

fora#0, x € R—{a}.

fora>0, x € (—a; a).

for a> 0, x € (—oo; —a) U (a; 00).

fora>0, x € R.

v

(]

The tables shows the basic formulas for integration.

These formulas are closely related to formulas for derivatives of elementary functions.

For practical needs, it is necessary to remember them.
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Methods of integration

\/7 =In(x+vVx2+1)+c, x€R. (tabular integral).

(%il) integrate (1/sqrt(x~2+1),x);
(%o01) asinh x

o Both results are correct because the inverse hyperbolic sine function is defined by
y =arsinhx = In (x + Vx2 + 1), x € R (see elementary functions).

Decomposition method.

Functions F, G are primitive to functions f, g on the interval /, a,b € R, |a|+ |b| > 0.
= aF + bG is a primitive to the function af + bg on the interval / and holds:

° /[af(x) + bg(x)] dx = a/f(x)der b/g(x)dx = aF(x) + bG(x)+c, x€l, c€R.

o In practice, we write directly /[af(x) + bg(x)] dx = aF(x) + bG(x) + ¢
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Methods of integration

Method per partes.

The functions u, v have continuous derivatives v/, v/ on the interval /.

= o /u(x) V(x)dx = u(x) v(x) —/u’(x) v(x)dx, x € 1.

o [uv]'=vv+u'. = o uv:/[uv]’:/u’v+/uv’. = o /uv’:uvf/u’v.

o We can use the per partes method several times in a row, but we must be careful to stick
to it they did not return to the original integral by reuse.

@ The per partes method is used quite often. It is suitable for integrating functions
P(x)e™, P(x)cosax, P(x)sinax, P(x)InQ(x), P(x)arctan Q(x),

where P(x), Q(x) are real polynomials, a € R, a # 0.
r_1

=| =
o/lnxdx:{”, x|
vi=1l |v=

]:Xlnx—/dX:XInx—x—i-c,XG(O;oo),CER.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

Methods of integration

Substitution method.
A function F is primitive to the function f on the interval /,

x = (t) has a derivative on the interval J, ¢(J) C .
= F(¢(t)) is primitive to the function f(¢(t)) - ¢'(t) on J and holds:

° /f(so(f)) /() dt = /f(X)dx: F(x)+c=F(p(t)) +c ted cer.

Sets /, J are intervals, x = ¢(t) : J — | has a derivative ¢'(t) # 0 on J,
a function F(t) is primitive to f(¢(t)) - ¢'(t) on J.

= F(¢~!(x)) is a primitive to the function f(x) on interval / and holds:

o /f(x)dx _ /f(go(t)) P (t)dt = F(t) + ¢ = F(p~(x)) - c. x € I, c € R.

o In the first case we do not have to use inverse substitution,

but in the second case we have to use the inverse substitution t = ¢ ~(x).
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Methods of integration

i 5 | Subst. t=Inx
O/XdX—|: dt:d%

=Inx

teR

}—Inzx—/'”xxdx.
X

(Equation with the integral as the unknown.)
= 2/“‘—de:|nzx+2c. = o /'Lde: x4 ¢, x>0, ceR.

X X

Xe(o;oo)} :/tdt:§+c:'";X+c,xe(0;oo),ceR.

X [

u' =
v

=

A function f(x) has on the interval / a primitive function F(x), a real number a,b € R, a # 0.

o /f(at+b)dt: {S“bSt'X:"’”ﬂ :/LX)C‘X = P | o Flatib) 4 o

dx = adt &l &l

. /f(t—i—b)dt: [ e :/f(x)dx: ) 42 = (A ) o = L

. /f(—t)dt: [Subs(;c).(xz:_;” = _/f(x)dx: —F(x)+c=—F(—t)+ c for a= —1.
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Methods of integration

When integrating, different methods are often combined,
and sometimes they have to be used several times in a row.

If we use different integration procedures, we can arrive at other primitive functions.
(We can verify the correctness of the solution, for example, by derivation.)

dx Subst. x =sint|x € (=1;1) |dx =costdt, (sint) =cost >0 for t € (-%;7)
o =
V/1—x2 t=arcsinx |t € (—%; %) |V1—x2=+1—sin2t=+cos?t=|cost| = cost
_ costdt __ _ _ 5 _1-
—/cost —/dt—t+c—arc5|nx+c,xe( 1;1), c € R.
dx Subst. x =cost|x € (—1;1) | dx = —sintdt, —(cost)’ =sint > 0 for t € (0; )
o ——— =
V/1-x2 t=arccosx |t € (0;m) |V1I—x?=+1—cos’t=+/sin?t=[sint|=sint

sint

:/sz/dt:7t+szarCCOSX+C,XG(fl;l), cER.

Both solutions are correct because it holds for all x € (—1;1):

us

arcsin X + arccos x = e i.e. arcsin x = — arccos x + %
(All primitive functions to a given function on the interval differ by a constant.)
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Basic Terms

In this section, we will deal with the definite integral of the function, which, in contrast

)
to the indefinite integral is not a function, but a specific value (a number or +00).

o We can define a definite integral in several ways.

We will define it using the so-called integral sums and call Riemannian (definite)

o
integral.
y y i
Lp(n) < P < Up(n) f Up(n) = > M; - Ax f
i=1
M, M3
My
P
Solesiae X X X
Xo X1 X2 X3 Xn-3 Xn—2 Xn-1%g a b Xo X1 X2 X3 Xn—3 Xp-—2 Xn—1Xp
Xo=a Ax Ax Ax Ax b:X,, Xp=a Ax Ax Ax Ax b:)(/7

The curvilinear trapezoid P determined by the non-negative function f on the interval (a; b)
and its approximation using the sums Lp and Up
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Basic Terms

A function y = f(x), x € (a; b) is a positive continuous and points a,b € R, a < b.
Determine the area content of the set P = {[x; y] € R?, x € (a;b),0 < y < f(x)}.

o Let us divide (a; b) using points a=xp < x1 <X < - < Xp_1 < X, =b, ne N

on n subintervals (xp; x1), (x1;%2), (x2;%3), -+, (Xn—2; Xn—1), (Xn—1; Xn)

b—a

with the same length Ax =x3 —xo =X —Xx1 =+ =X — Xp—1 = =.°.

o m;=min{f(x), x € (xi—1;x;)}, M; = max{f(x), x € (xi—1;x)} fori=1,2,...,n

For the area P then holds:

i:f:lm,--AX:Lp(n)g P < Up(n) = z:n:

o If we decrease Ax (increase n), the estimates of Lp, Up will improve (do not get worse).

o For Ax =220, ie n— oo will hold (Image on previous slide.)

(from lower) Lp(n) = P + Up(n) (from upper).
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Basic Terms

An interval (a; b) is a non-degenerate, a function y = f(x), x € (a; b) is a bounded.

Dividing the interval (a; b) is called each finite set of points
D = {xo,x1,%2, ..., Xn} = {Xi}i—g, NEN,
for whicha=xg <x1 <x < - <Xx,_1 <X, =b.
Points xo, X1, ..., X, are called dividing points (they uniquely determine the dividing D).
Interval lengths d; = (x;_1;x;), i = 1,2,...,n we denote Ax; = x; — Xj_1.

We call the length of the longest of these intervals dividing norm D and denote p(D),
i.e. (D) =max{Ax;, i=1,2,...,n}.

For the sum of the lengths of the intervals di, ds, ..., d, it holds
Axi+Ax+ -+ Ax, =x,— xg = b — a.

The set of all dividings of the (a; b) we denote ©(,.,, = {D, D is the division (a;b)}.
=inf{f(x), x € (xi—1;x)}, M; =sup{f(x), x € (x—1;x)}, i=1,2,....n

Lower S/ (f, D) and upper Riemannian mtegral sum Sy(f, D) of functlon f under

dividing D are called numbers S, (f, D) = Zlm, Ax; and Sy(f, D) = Z M; - Ax;.
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Basic Terms

Numbers L
b b
/f(x) dx = sup {S.(F, D), D € Doy . /f(x) dx = inf {Sy(f, D), D € Dty }
Ja a
we call the lower and upper Riemannian (definite) integral of the function f on the
interval (a; b) (from a to b).

These numbers always exist and holds

m(b—a) < /l;‘(x)dx < /bf(x)dx < M(b - a),

while m = inf {f(x), x € (a; b)}, M = sup{f(x), x € (a; b)}.

If the equality between the lower and upper Riemann integrals holds, then this value

/j‘(x) dx = /jf(x) dx = /at;’(x) dx

we call the Riemannian (definite) integral of the function f on the interval (a; b).
We call the function f Riemannian integrable on the (a; b) and we denote f € R(,.).
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Basic Terms

The integration variable has no effect and instead of x we can write any symbol.

[1wex= [Fose= [fwou= [Fraz= [Feae

o Riemannian (integral) sum function f under dividing D and choice of points T,
where T = {t1,to,.... ta} = {t;, ti € (xi—1;X)};—; we call the number

Sr(£,D) = 3. f(t) - Ax;

o The function f has infinitely many integral sums for a given dividing D.

If y = f(x), x € (a; b) is continuous, then f takes its extrema on each interval (x;_1;x;),
i=1,2,...,nand S/ (f,D) and Sy(f, D) are also Riemann integral sums for some
particular choices of points T.

y

f(t2)f ()

f(a)

[ a2t &t th tr-itrb RN ty2to-its b [ h &t thatoita b
PRI I I e

Xo XX X3 Xn-3Xn-2Xn-1Xn Xo X1 X X3 Xn-3Xn—2Xn—1Xn X Xt X2 X3 Xn-3Xn-2Xn-1Xn

Integral sums of the function f under dividing D and different choices of points T
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Basic Terms

When investigating the Riemann integrable function f on the interval (a; b), we do not
need all the dividing D €D ,.p).

It is sufficient to restrict ourselves to normal sequences of dividing {Dy},-, C Diab)
ie. if klim #(Dk) = 0 holds.
— 00

Then it holds for every choice of points T
b

k|i_>m0057‘(lc7 Dk):/f(x)dx

a
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Basic Terms

o When investigating the Riemann integrable function f on the interval (a; b), we do not
need all the dividing D €D ,.p).

It is sufficient to restrict ourselves to normal sequences of dividing {Dy},-, C Diab)
ie. if klim #(Dk) = 0 holds.
— 00

Then it holds for every choice of points T
b

k|i_>m0057‘(lc7 Dk):/f(x)dx

a

y f(t)=yini=1,2,..., k

k k k
Sr(f,D) =X f(t)-Axi= > 3=t =1 Sy(f,Dx) =3 M;- Ax; L=
i i=1 i

1
/% =1 (next page).
0
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Basic Terms

1
xdx 1

= =3 The function f(x) = %, x € (0; 1) is increasing, continuous, f € Rg.1).

o A normal sequence of dividings {Dx},—; C D(o,1), while Dy = {é}f;o for k € N.

o Fori= 1,2,...,/( holds AX; = %, m; = f(X,'_l) = %, M,’ = f(X;) = ﬁ

k k (0+k—1)k
_ _ i=1 1 _ O41+4--A(k=1) _ k=1 _ 1 1
5L(vak)*_Zlmi'AXi*,ZlT'zf W T A T ik — 4wk
1= 1=
k N I T S . R NS
— oA =S 41 oodll . o — 1,1
SU(vak)—ZlM/ AX'—ZIM K= = 2k = @k — 1Tk
i= i=
1
dx ; ; g 1, 1 1
= o [ XX = lim S5/(f,Dy) = lim Sy(f,Dy) = lim (3 £+ )= 7.
0 2 k— o0 ( ’ ) k— o0 ( ’ ) k— o0 (4 4k) 4
: K . . .
o Let's choose T = {t;},_, as points centers of intervals (x;_1;X;), i =1,2,...,k,
: o dgi=1 iy 2i—1 N 2i—1
ie. ti = 5(5= + 5) = =5, then f(t;) = = and holds
k k (14+2k—1)k
_ _ 2i—1 1 _ 1434-4(2k=-1) _ —H— _ 1
ST(fa Dk) - ;f(tl) : AXI' - = ik k K2 = 4,2<2 =2
1= 1= 1
= o [ 2 = |im Sr(f,Dy) = lim 1 =1.
0 k— o0 k— o0
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Basic Properties

o Geometrically, it represents the Riemannian definite integral on the interval (a; b) the area
of the curvilinear trapezoid determined by the function f and the interval (a; b).

Below the x axis (i.e., if f is negative), this area is negative.

y b y b f y
f
/Ef(x)dx<0 m /af(X)dX /{ N
a b x | [ x . X
a \9/ b :
L\—/Lf /3f(x)dx>0
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Basic Properties

o Geometrically, it represents the Riemannian definite integral on the interval (a; b) the area
of the curvilinear trapezoid determined by the function f and the interval (a; b).

Below the x axis (i.e., if f is negative), this area is negative.

y b y b Fooy
f
/Ef(x)dx<0 m /af(X)dX /{ N
a b x | [ x . [ x
8 \e/ b d . b
L\—/Lf /3f(x)dx>0

Functions f, g € R(,), a number c € R.

= cf,f +g,|f|,f% fg € Rip) and holds:
b b b b b
° /cf(x)dx: c/f(x)dx, ° /[f(x)—i—g(x)] dx:/f(x)dx+/g(x)dx.

=

If inf {g(x),x € (a;b)} > 0, resp. sup{g(x),x € (a;b)} <0, then also _,
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Basic Properties

Functions f,g € Ra.p)-

b
o f(x) >0 forall x € (a;b). = o/f(x)dXZO.

o g(x) > f(x) forall x € (a;b). = o /g(x)dx > /f(x)dx.

v

Additivity of the integral.

A function f € R;, | C R is a bounded interval, points a, b, ¢ € | are arbitrary.

= o /a[;f(x)dx:/a(;‘(x)dx+/clj’(x)dx.

YLk YLk L= fe e

f C a c f
/b:/b+/a

f

—

A

b<a<c b<c<a c<a<b

We can clearly illustrate the additivity of the Riemann integral on vectors.
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Methods of integration

Calculation of the Riemann integral (Newton-Leibniz formula).

A function f € Ry, the function F is a primitive function to the function f on (a; b).

= o /;‘(x)dx — F(b) — F(a) = [F(X)K_
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Methods of integration

Calculation of the Riemann integral (Newton-Leibniz formula).

A function f € Ry, the function F is a primitive function to the function f on (a; b).

= o /;‘(x)dx — F(b) — F(a) = [F(X)}b_

a

(%il) integrate(f(x),x,-1,1);

1
(%o1) /_f(x)dx

1
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Methods of integration

o Definite integrals are generally calculated using indefinite integrals.

o We can modify the per partes method and substitution methods and calculate the definite
integral using them directly.
After substitution, we do not need to return to the original variables.

Method per partes.

b

u ' v, v € Rigpy. = o /u(x) v/(x)dx = [u(x) v(X)}b - /abu’(x) v(x)dx.

a

2
v =2x 2 21
]: [—x cosx} + 2x cos x dx
0 0

V = —COSX

2w a
/ x?sinxdx = {”fx_
0 v sin x

_ [u=2x
v/ =cos x

, 27\' 271'
o=2 ]: {—4772-1+02-1}+[2xsinx} —/ el
0 0

v =sinx

—4w2+[4w-0—2-0-o} — {—2COSXK7T:—47T2— {—2-1+2~1} e
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Methods of integration

Substitution method.

f is continuous on /, ¢’ is continuous on J, ¢(J) C |,

I is an interval with boundaries a, b, J is an interval with boundaries «, 8, p(a) = a, p(B) = b.
b

B
= f(¢)¢’ € Ry and holds e /f(x) dx = / flo(t)]¢ (t)dt. (We can use in both directions.)

a
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Methods of integration

Substitution method.

f is continuous on /, ¢ is continuous on J, ¢(J) C I,
I is an interval with boundaries a, b, J is an interval with boundaries «, 8, p(a) = a, p(B) = b.

b B
= f(‘P)‘PI € R, and holds o /f(x) dx = / f[@(t)](Pl(t)dt- (We can use in both directions.)
— 2 Subst. x =sint xe( 1;1) 1=sinT VI—x2=1+/1—sin?t = cos?t = |cos t| = cos t
/ \/ﬁdx[ dx =costdt|te (-5 %) _1:sin(2—g) cost > 0 pre vietky t € (—=3; %)
- - 3 .
= / WCOSQtdtZ / W“’%"Sztdt: %/ W[l—&—cosZt] dt = %{t—f— &2%}_3
T2 T2 -2 2

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04

Methods of integration

Substitution method.

f is continuous on /, ¢ is continuous on J, ¢(J) C I,
I is an interval with boundaries a, b, J is an interval with boundaries «, 8, p(a) = a, p(B) = b.

b B
= f(‘P)‘PI € R, and holds o /f(x) dx = / f[@(t)](Pl(t)dt- (We can use in both directions.)
— 2 Subst. x =sint xe( 1;1) 1=sinT VI—x2=1+/1—sin?t = cos?t = |cos t| = cos t
/ \/ﬁdx[ dx =costdt|te (-5 %) _1:sin(2—g) cost > 0 pre vietky t € (—=3; %)
- - 3 .
= / WCOSQtdtZ / W“’%"Sztdt: %/ W[l—&—cosZt] dt = %{t—f— &2%}_3
T2 T2 -2 2

5
te(-10)|xe(Li2)|t=2 —x=5] _ 1 .
(0;2) € (1;5) f:—1'—>x:2] = 2/25|nxdx

5
= %[— cosx} =1 [— cos5 —&—cosZ} = cos2ocosy
2

2
° /tSin(t2+1)dt: [Subst_X:tz+1

. dx =2dt|t e
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Integrating even and odd functions

A function f € R(a;by is even or odd, where a < b.

= f(—x) € R(_p;—2y and holds:
b —b —a =6
Subst. t = —x|x=b =-b
° /af(x)dxz[ S X:a:i;a] = 7/ f(—t)dt:/z:(—t)dt:/lf(—x)dx.

—a — —

fiseven. = o /abf(x)dx:/af(_x)dx:/af(x)dx_

—b —b

et = o /bf(x)dx _ /af(_x)dx _ /a[ — f(x)] dx = —/j‘(x)dx.

a —b —b —b
Even function

y . y .
AL .. A
—b N —a|'a | "a |

/7:;(()() s :/;{(X) e /jjf(x) dx = —/abf(x) dx

Odd function
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Integrating even and odd functions

A function f € R(_,.5), where a > 0.

fisodd. = o [ f(x)dx= dx+/f / dx+/f
—a 0

f is even. = o/_a:(x)dx:/_a( )dx+/ 2/0?

T [ sin|x| is continuous
° /_ﬂSIn |X| = [and even on <—7l';’/T>:|

f
:2/sin|x|dx:2/sinxdx -

& o 5 - ? x)dx A
. /f(x)dx:2/of(x)dx N /f(x)dx:O

=2[—cosx| =-2:(-1)+2:1=4, - -

0 Odd function

Y/ x2+sin2 x int d i ti
/ i Al [ integrand is continuous ] -0

e and odd function on (—1;1)
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Integrating even and odd functions

A function f € Ry, is periodic with period p > 0, f(x) = f(x + kp) for all x € (a; b), k € Z.

If we substituting x = ¢(t) =t — kp, then t = x + kp, t € (a+ kp; b+ kp),
dt = dx, f(x + kp) € R(atp:b+kp) and holds:

° /:;‘(X)dx = [xintibﬂm] = /b+kpf(t+kp)dt— /b+kpf(t)dt— /bﬂq;f(x)dx.

x=a—t=a-+kp il il e

A function y = f(x) is periodic with period p > 0, a real point a € R, then holds:

P atp
o f € Rgp) & o f € Rpsapp) and (if they exist) o /f(x) dx = f(x)dx
0

a

AR

l\:“ Va +plo [/ Va +2pp |/ ‘L:“a +3p

| p
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Thanks for your attention.

\Qs [:‘9 Mathematical Analysis supported by wxMaxima \%s 0‘9
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