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01. Uvod do wxMaxima

B3fe N

Matematicka analyza podporovana wxMaxima
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01. Zakladné pojmy

o Prikazy zaddvame na samostatné riadky (vstupné riadky).

Ich realizacia je zabezpedend sti¢asnym stladenim klaves [Shift] a [Enter] alebo kliknutim
v menu na ikonu B (Send the current cell to maxima).

o Vstupné riadky st uvedené ako (%il).
o Vystupné riadky st uvedené ako (%o1).

o Cisla pre vstupny riadok a prislu$ny vystupny riadok sii rovnaké a na zaklade nich sa
mozeme odvolavat na obsah tychto riadkov.

(%il) First input line.
(%o0l) First output line.
(%i2) Second input line.
(%02) Second output line.
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01. Zakladné pojmy

o Prikazy sa vykondvajd na novych samostatnych riadkoch (vystupnych riadkoch).

o Prikazy na vstupnych riadkoch mézu byt ukonéené symbolom ; alebo symbolom $,
ktory potlaca zobrazenie prislusného vystupu.

(%il) solve (0=x+2,x);
(%01) [x = —2]

(%i2) %il;

(%02) solve(0 = x + 2, x)
(%i3) %ol;

(%03) [x = —2]
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01. Zakladné pojmy

o Na vstupny riadok mézeme zadat viac prikazov, ale musime ich
oddelit symbolmi ; alebo $.

o Prikaz méZeme tieZ Struktirovat na viacej vstupnych riadkov.

(%il)
(a)
(b)

a:2;b:3;s0lve(a*xx+b*x"2=0,x)

2

3

[x =—3%,x=0]

a:2% b:3% solve(a*x+b*x"2=0,x);
[x = —%,x =0]

a:2$

b:3$

solve (a*xx+b*x~2=0,x) ;

[x =—3,x=0]
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01. Zakladné pojmy

Vystup mézeme ulozit v réznych tvaroch a nasledne pouzit v inych programoch.
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01. Zakladné pojmy

Vystup mézeme ulozit v réznych tvaroch a nasledne pouzit v inych programoch.

(%03) [x = f%x = 0]

Vystup (%o3) z predchadzajiiceho okna mozeme:

o Kopirovat pomocou [Ctrl C|a[Ctrl V] resp. kopirovat ako text (mozno pouZit napr.
pre editor rovnic MSWord): x=-2/3,%=0,

o Kopirovat ako IATEX \ [x=-\frac{2}{3}\operatorname{, }x=0\],
o Kopirovat ako MathML, obrazok, RTF, SVG. ..
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01. Zakladné pojmy

Vystup mézeme ulozit v réznych tvaroch a nasledne pouzit v inych programoch.

(%03) [x=—2,x=0]

Vystup (%o3) z predchadzajiiceho okna mozeme:

o Kopirovat pomocou [Ctrl C|a[Ctrl V] resp. kopirovat ako text (mozno pouZit napr.
pre editor rovnic MSWord): x=-2/3,%=0,

o Kopirovat ako IATEX \ [x=-\frac{2}{3}\operatorname{, }x=0\],
o Kopirovat ako MathML, obrazok, RTF, SVG. ..

Prostredie wxMaxima mé dobre prepracovany help pre pouzivatela, ktory najdete v menu Help.
Help otvorime aj stla¢enim klavesy F1.

Navod najdeme aj na stranke
https://maxima.sourceforge.io/docs/manual/maxima_369.html.
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02. Zakladné prikazy

o Pomocou apropos zistime presny nazov prikazu pomocou casti jeho nazvu.

(%il) apropos("plot")
(%o01) [barsplot,boxplot,contour_plot,get_plot_option,gnuplot,. . .

o Prikaz describe vypiSe popis zadaného prikazu

(%il) describe (plot2d)$
- - Function: plot2d
plot2d (<expr><,<range_x><,<options><)
plot2d (<expr_<>=<expr_<>,<range_x><,<range_y><,<options><)
plot2d ([parametric,<expr_x><,<expr><_y,<range><],<options><)
plot2d ([discrete,<points><],<options><)
plot2d ([contour,<expr><],<range_x><,<range_y><,<options><)
plot2d ([<type_<>,...,<type_n><],<options><)
There are 5 types of plots that can be plotted by ’plot2d’:

1. Explicit functions. ’plot2d’
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02. Zakladné prikazy

o Vyrazy sa zadavaji pomocou beznych znakov operacii, relacii a funkcii.
o Argumenty funkcii a prikazov st v zatvorkach.

e Symbol nasobenia * musi byt zadany!

o Umocnenie sa zadadva znakom ~ alebo dvojicou *x*.

e Symbol : sa pouziva na priradenie hodnoty napravo do vyrazu nalavo.
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02. Zakladné prikazy

o Vyrazy sa zadavaji pomocou beznych znakov operacii, relacii a funkcii.
o Argumenty funkcii a prikazov st v zatvorkach.

e Symbol nasobenia * musi byt zadany!

o Umocnenie sa zadadva znakom ~ alebo dvojicou *x*.

e Symbol : sa pouziva na priradenie hodnoty napravo do vyrazu nalavo.

o Nasledujiice prikazy riesia rovnicu 2x + 3x% = 0 s nezndmou premennou x.

(%il) a:2$ b:3% solve(a*x+b*x"2=0,x);
(%ol) [x=—%,x=0]
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02. Zakladné prikazy

o Vyrazy sa zadavaji pomocou beznych znakov operacii, relacii a funkcii.
o Argumenty funkcii a prikazov st v zatvorkach.

e Symbol nasobenia * musi byt zadany!

o Umocnenie sa zadadva znakom ~ alebo dvojicou *x*.

e Symbol : sa pouziva na priradenie hodnoty napravo do vyrazu nalavo.

o Nasledujiice prikazy riesia rovnicu 2x + 3x% = 0 s nezndmou premennou x.

(%il) a:2$ b:3% solve(a*x+b*x"2=0,x);
(%ol) [x=—%,x=0]

o Pomocou prikazu kill mdézeme z pamate odstranit premenné so vSetkymi ich
priradeniami a vlastnostami.

(%il) kill(a,b)
/* removes all bindings from the arguments a,b
(%i2) kill(all) /* removes all items on all infolists

*/
*/
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02. Zakladné prikazy

o V menu a podmenu [Display equations]| mbzeme zmenit zobrazenia vystupnych

riadkov na tvary [in 2D] (implicitny tvar), [as 1D ASCII| alebo [as ASCII Art].

o Nastavenia vystupu moéZzete zmenit aj prikazom set_display.

(%il) x/sqrt(x~2+1);set_display(’none)$

(%il) x/sqrt(x~2+1);set_display(’ascii)$

(%o1) x/sqrt(x?+1) /* as 1D ASCII x/
(%i2) x/sqrt(x~2+1);set_display(’xml)$
X
%) ccccoc=es= /* as ASCII Art x*/
2
sqrt(x + 1)
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03. Praca s cislami a zakladné konstanty

Maxima dokéaze pracovat s redlnymi ¢islami v numerickom alebo symbolickom tvare.

Sposob zapisu redlnych &isel je mozné nastavit v menu pomocou prepinaca
[Numeric Output| medzi numerickym a symbolickym zobrazenim.

Nastavenie premennej numer urcuje sposob zobrazenia.
Standardne sa zobrazuje 16 &islic (vratane desatinnej &iarky).

Presnost zobrazenia je definovana premennou fpproc a ovplyviiuje zobrazenie
pomocou bfloat. Vystup £loat zobrazuje zdy rovnako.
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03. Praca s cislami a zakladné konstanty

Maxima dokéaze pracovat s redlnymi ¢islami v numerickom alebo symbolickom tvare.

Sposob zapisu redlnych &isel je mozné nastavit v menu pomocou prepinaca

[Numeric Output| medzi numerickym a symbolickym zobrazenim.

Nastavenie premennej numer urcuje sposob zobrazenia.

Standardne sa zobrazuje 16 &islic (vratane desatinnej &iarky).

Presnost zobrazenia je definovana premennou fpproc a ovplyviiuje zobrazenie
pomocou bfloat. Vystup float zobrazuje zdy rovnako.

Standardne sa komplexné &isla zadavaji v algebraickom tvare (rectform). Pomocou
prikazu polarform ich mézeme previest do trigonomického (exponencialneho) tvaru.

(%il)
(2)
(%i2)

ZERIE /SN
i+1

polarform(z)+rectform(z) ;

(%02) V2eT +i+1
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03. Praca s cislami a zakladné konstanty

o Presnost mézeme zvySovat alebo znizovat prakticky donekonecna.

o Mozeme ju menit globalne aj lokalne len pre jednu premennd alebo prikaz.

(%i1) log(2);

(%o1) log(2)

(%i2) log(2) ,numer;
(%02) 0.6931471805599453
(%i3) float(log(2));
(%03) 0.6931471805599453
(%i4) bfloat (log(2));
(%04) 6.931471805599453b — 1

(%i5) log(2) ,bfloat;

(%05) 6.931471805599453b — 1

(%i6) bfloat (log(2)) ,fpprec=34;

(%06) 6.931471805599453094172321214581766b — 1
(%i7) bfloat (log(2)),fpprec=134;

(%o7) 6.93147180559945 [106digits] 8552023575813bH — 1
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03. Praca s cislami a zakladné konstanty

o Ciselné konstanty e, m, i (imaginarna jednotka) maji prefix %, t.j. %e, %pi, %i.
To plati aj ked su stcastou alebo vysledkom vypoctov.

o Maxima ma preddefinované konstanty inf, minf pre redlne nekonecna oo, —oo.

e Maxima méa preddefinovant konstantu infinity pre komplexné nekonecno.

o Logické konstanty true a false predstavuji pravdu a nepravdu.

%il) %hpithi+iie;
%o0l) ™+ %i+%e
%i2) [minf ,inf];
%02) [—00, 0]

%i3) infinity;

(
(
(
(
(
(%o03) infinity
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04. Priradenia a funkcie

o Maxima obsahuje ovela viac funkcii ako Standardné programovacie jazyky.

Sl to nielen samotné funkcie, ale aj rézne funkcie na ich podporu.
o Operator : pouzivame na priradovanie hodnot alebo vyrazov premennym.

o Funkcie definujeme pomocou priradenia :=.

(%il) f£(x):=x"2+2%x+3;

(%01) f(x):=x*>+2x+3

(%i6) £(x);f(y);f(x+1);
£(-2);£(1);

(%02) x%+2x + 3

(%03) y*>+2y+3

(%04) (x+1)>+2(x+1)+3
(%05) 3

(%06) 6
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04. Priradenia a funkcie

Maxima obsahuje mnoho elementéarnych funkcii. St to napriklad:
o exp(x)=le~x, log(x),

e goniometrické funkcie a k nim inverzné funkcie

sin(x) and asin(x), cos(x) and acos(x), tan(x) and atan(x),
cot (x) and acot (x),

o hyperbolické funkcie a k nim inverzné funkcie

sinh(x) and asinh(x), cosh(x) and acosh(x), tanh(x) and atanh(x),
coth(x) and acoth(x) atd.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 01 02 03 04 05 06 07 08

04. Priradenia a funkcie

Maxima obsahuje mnoho elementéarnych funkcii. St to napriklad:

exp(x)=%e x, log(x),

goniometrické funkcie a k nim inverzné funkcie

sin(x) and asin(x), cos(x) and acos(x), tan(x) and atan(x),
cot (x) and acot (x),

hyperbolické funkcie a k nim inverzné funkcie

sinh(x) and asinh(x), cosh(x) and acosh(x), tanh(x) and atanh(x),
coth(x) and acoth(x) atd.

Na forméatovanie vypisu mézeme pouzit prikaz print.

(%i3) 2:2% b:log(2) ,numer$

print ("Logarithm of a number",a,
" is ",log(a),"=",b)$
Logarithm of a number 2 is log(2) = 0.6931471805599453
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04. Priradenia a funkcie

Medzi zakladné funkcie patria aj:

(%id)

(%i6)

(%i8)

(%i10)

(%i12)

f(x):=sign(x)$ g(x):=abs(x)$
print (£(-3.6) ,£(-3.2),f(-3),£(0),£f(3),f(3.2),f(3.6))%
print (g(-3.6),g(-3.2),g(-3),g(0),g(3),g(3.2),g(3.6))$
neg neg neg zero pos pos pos
36 323033236
f(x):=floor(x)$ /* bottom whole of x */
print (£(-3.6) ,£(-3.2),f(-3),£(0),£f(3),f(3.2),f(3.6))%
-4 -4 -30333
f(x):=round(x)$

/* rounded x to the nearest integer number x*/
print (£(-3.6) ,£(-3.2) ,£(-3),£(0),£(3),£(3.2),£(3.6))$%
—4 -3 30334
f(x):=truncate(x)$

/* removes all digits after the decimal point */
print (£(-3.6),£(-3.2),£(-3),£(0),£(3),£(3.2),£(3.6))$
-3 -3-30333
f(x):=ceiling(x)$ /* upper integer x */
print (£(-3.6) ,f(-3.2),£f(-3),£(0),£f(3),f(3.2),f(3.6))%
-3 -3 -30344
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04. Priradenia a funkcie

@ Maxima tiez obsahuje mnoho funkcii na ich podporu.

o Niektoré z nich nie st implementované priamo v prostredi wxMaxima, ale v externych
knizniciach, ktoré nazyvame balicky.

o Tieto balicky sa naditaji do systému pomocou prikazu load.

o Na ukazku uvedieme bali¢ek spangl pre podporu prace s goniometrickymi funkciami.

(%i2) print(tan(%pi/8), ratsimp(tan(%pi/8)),
trigsimp (tan (%pi/8)))$
tan(g) tan(3) z;:_((%%))

%i3) load(spangl);

%03) ../share/trigonometry/spangl.mac
%i4) tan (%pi/8);

(
(
(
(%o04) V2 -1
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05. Praca s vyrazmi

Mnohokrat potrebujeme zmenit podmienky iba lokalne pre konkrétny vypocet bez zmeny
globalneho nastavenia. Na tento G¢el md Maxima velmi efektivny prikaz ev.

o Prikaz ev umoznuje definovat Specifické prostredie v ramci jedného prikazu.

o Po zadani prikazu ev(a,bl,b2,..., bn) sa vyhodnoti vyraz a pri splnenf
podmienok bl, b2, ..., bn.

o Tymito podmienkami mézu byt rovnice, priradenia, funkcie, prepinace (logické
nastavenia).

Priklad ukazuje priklad riesenia kvadratickej rovnice pomocou prikazu solve.

o Premenné a, b, c po vykonani prikazu ev nemajd priradené hodnoty.

%i2) solve (a*x~2+b*x+c=0,x) ;

%02) [X _ \/ b2—4ac+b = b274acfb]

- 2a ) 2a

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07

05. Praca s vyrazmi

Maxima pontka niekolko prikazov na zjednodusenie a Gpravu réznych vyrazov.

o Zakladné funkcie nijdete v menu [Simplify].

o Maxima pontka pomocou prikazu example priklady k jednotlivym prikazom.

o Pozrime sa na niektoré z prikladov, ktoré ponika example (ratsimp).

(%i2) f(x):=b*(a/b-x)+b*x+a$

print (£(x),"?",ratsimp(£(x)))$

bx +b(f —x)+a ? 2a

(%i3) ratsimp(a+l/a);
(%03) £+l
(%i4) ev(x~(a+l/a),ratsimp);
(%04) x23
(%i5) ev(x~(a+l/a),ratsimpexpons) ;
(

241

%05) x =
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05. Praca s vyrazmi

o Funkcia expand roznasobi prislusné ¢leny vo vyraze.
Funkcia faktor naopak vyraz rozlozi.
Funkcia gfactor to robi nad polom komplexnych &isel.

(%i1) f(x):=(x+1)*(x"2-4)*(x"2+4)%

(%i3) ratsimp (f(x));expand(f(x));

(%02) x5+ x* —16x — 16

(%03) x5+ x* —16x — 16

(%i6) factor (f(x));gfactor (f(x));factor (100);
(%04) (x —2)(x + 1)(x +2)(x* + 4)

(%05) (x —2)(x + 1)(x +2)(x — 2% i)(x +2%i)

(%06) 2252
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05. Praca s vyrazmi

o Funkcia expand roznasobi prislusné ¢leny vo vyraze.
Funkcia faktor naopak vyraz rozlozi.
Funkcia gfactor to robi nad polom komplexnych &isel.

(%i1) f(x):=(x+1)*(x"2-4)*(x"2+4)%

(%i3) ratsimp (f(x));expand(f(x));

(%02) x5+ x* —16x — 16

(%03) x5+ x* —16x — 16

(%i6) factor (f(x));gfactor (f(x));factor (100);
(%04) (x —2)(x + 1)(x +2)(x* + 4)

(%05) (x —2)(x + 1)(x +2)(x — 2% i)(x +2%i)

(%06) 2252

e Racionalnu loment funkciu rozloZzime na parcidlne zlomky pomocou partfrac.

(%il) partfrac ((x+1)/(x"2-2*%x+1) ,x);
(%01) 25 + e
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05. Praca s vyrazmi

Substituovat vyrazy mézeme pomocou prikazov subst(a,b,c) a ratsubst(a,b,c).

Vyraz a bude nahradeny vyrazom b a néasledne dosadeny do vyrazu c.

Pri pouziti prikazu subst musi byt b najjednoduchSou ¢astou (atémom) resp.
kompletnym podvyrazom vyrazu c.

V priklade nie je podvyraz x+y tplny (chyba z).

Prikaz ratsubst vysledny vyraz aj upravi.

%i2) subst(x+y,a,a”2+b"2); ratsubst(x+y,a,a"2+b"~2);
%01) (y + x)? + b?

%02) y? + 2xy + x% + b?

%i4) subst(a,x+y,x+y+z); ratsubst(a,x+y,x+y+z);
%03) z+y+x

%04) z+ a

(
(
(
(
(
(
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6. Limity a derivacie

V menu najdeme funkcie na rieSenie zadkladnych problémov matematickej analyzy
(limity, derivacie, integraly, sicty radov, ...).

Limity vypocitame pomocou prikazu 1imit.

Posledny parameter urcuje smer jednostrannych limit, ma hodnoty plus alebo minus
a je volitelny.
Ak nie je zadany, Maxima pocita limitu ako komplexnd.

Prikazom limit (f(x),x,a) vypocitame limitu lim f(x).
X—a

Prikazom limit (£(x),x,a,plus) vypocitame limitu lim f(x).

x—at
(%i4) 1limit(1/x,x%,0); limit(1/x,x,0,plus);
limit(1/x,x,0,minus); limit(1/x,t,0);
(%o1) infinity
(%02) oo
(%03) —oo
(%o04) %
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06. Limity a derivacie

Ak pred prikazom pouzijeme apostrof ’, tento prikaz sa nevykond, iba sa zobrazi.

(%i2) 1limit (((1-n)/(1+3*n)) " (1+4*n) ,n,inf);
’1imit (((1-n)/(1+3*n)) "~ (1+4%*n) ,n,inf);

(%o01) O

. 1— 4n+1
(%02) lim (335)

(%i2) 2+3; ’2+3;

(%o01) 5

(%02) b

(%i4) solve(x+1=0,x);’solve(x+1=0,x);
(%03) [x = —1]

(%04) solve(x +1 =0,x)
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06. Limity a derivacie

Derivacie sa pocitajid pomocou prikazu diff.

Parameter, ktory urcuje rad derivacie, je volitelny.

(%i4) f£(x):=2xx"4-3*xx+sin(x);
print ("f’=",diff (£(x),x),
"=t diff (£(x),x,1))$
print ("f’’=",diff (diff (£f(x),x),x),
v=r diff (£(x),x,2),
=" ,diff (£(x),x,1,x,1))$
print ("f~(10)=",diff (f(x),x,10),
"=t diff (£(x),x,1,%x,9))8$
(%01) f(x) :=2x* — 3x + sin(x)
f' = cos(x) + 8x> — 3 = cos(x) + 8x3 — 3
" = 24x2 —sin(x) = 24x? — sin(x) = 24x? — sin(x)
f(10) = —sin(x) = —sin(x)
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06. Limity a derivacie

Parcialne derivacie pocitame pomocou rovnakého prikazu diff.

(%i3) g(x,y):=x"3*%xy~2-1;
print ("g’ _x=",diff (g(x,y),x),

", respectively

g’_y=",diff (g(x,y),y,1))8$
20 (xx)=",diff(g(x,y),x,2),

print( "g

, g2 _(yx)=",diff(g(x,y),y,1,x,1),
g
g

n

n

20 (xy)=",diff (g(x,y),x,1,y,1),
, g7 _(yy)=",diff(g(x,y),y,1,y,1))$
(%o1) g(x,y) :=x3y*—1
g'_x =3x%y?, respectively g'_y = 2x3y

/!

g"_(xx) =6xy?, g"_(yx) =6x%y, g"_(xy) =6x2y, g"_(yx) = 2x°

>

n
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06. Limity a derivacie

Taylorov polyném n-tého stupna vypocitame pomocou prikazu taylor.

o Tento prikaz nidjdeme v menu a podmenu [Get Series...]|

o Taylorov rad funkcie f stupna n v strede ¢ vypocitame prikazom taylor (f(x) ,x,c,n).

o Jeho koeficienty vypocitame pomocou prikazu coeff.

o Pouzitie tohto prikazu zavisi od prikazu taylor.

(%il) tl:taylor(sin(x),x,0,5); t2:taylor(sin(x),x,-1,4);
3 5
(t1) x—-F+55+ - . , , _ \
(t2) —sin(1)+cos(1)(x—|—1)+ sm(l)(2x+1) - cos(l)éerl) . snn(1)2(:+1) +...
(%i3) print(coeff (sin(x),x,5)," and ",coeff (tl,x,5),
" and ",coeff(t2,x,5))%

1 cos(1)
0 and 355 and 55
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06. Limity a derivacie

V priklade je vypocitany Taylorov polyném daného polynému inym sposobom.

Prikaz taylor dava na koniec tri bodky, aj ked je vyvoj ukonceny.

(%il) f£(x):=2%xx"5-x"4-3%x"3-x+1;

(%01) f(x):=2x5 —x*+ (-3)x® —x+1

(%i2) tpl:taylor (f(x),x,-1,5);

(tpl) 24+4(x+1) —17(x +1)? +21(x + 1)> = 11(x + 1)* + 2(x + 1)° + - --
(%i4) ratsimp(tpl);expand(tpl);

(%03) 2x°> —x* —3x3 —x+1

(%04) 2x°> —x* —3x3 —x+1

(%i6) tpx:ratsubst(t,x+1,f(x));subst(x+1,t,tpx);
(tpx)  2t% — 11t* 4+ 21¢3 — 17t% + 4t + 2

(tp2) 2(x +1)° —11(x +1)* +21(x +1)> = 17(x + 1)> + 4(x + 1) + 2
(%i7) tpl-tp2;

(%07) O+ ---

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

07. Grafy funkcii

Graf funkcie mézeme vykreslit niekolkymi spésobmi.

o Najjednoduchsi sposob je zvolit v menu podmenu |[Plot 2d ...|

o Ak zvolime [Format=gnuplot], funkcia sa vykresli prikazom plot2d do nového okna
pomocou programu Open Source Gnuplot.
Gnuplot sa automaticky nainstaluje spolu s Maxima.

(%il) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, gnuplot])$

s —
cos()
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07. Grafy funkcii

Grafy funkcii nie st zobrazené v redlnom pomere osi x a y, ale st optimalizované pre obrazovku.

e Pre spravne zobrazenie méZzeme pouzit napr. parameter same_xy.

(%il) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, gnuplot],[same_xy]l)$
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07. Grafy funkcii

Ak zvolime [Format=wxmaximal;

e Maxima vykresli graf pomocou prikazu plot2d do nového okna.

o Obrazok mézeme ulozit iba do postscript-u.

(%il) plot2d([sin(x),cos(x)],[x,-%pi,2*%pil,[y,-1.2,1.2],
[plot_format, xmaximal])$
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07. Grafy funkcii

Ak zvolime [Format=inlinel:

e Maxima nakresli graf pomocou prikazu wxplot2d do svojho prostredia.

(%il) wxplot2d ([sin(x),cos(x)],[x,-%pi,2*%pil,
[y,-1.2,1.21)%

St

cos(x) —|

(%ol) S ;
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07. Grafy funkcii

Ak zvolime [Format=inlinel:

e Maxima nakresli graf pomocou prikazu wxplot2d do svojho prostredia.

(%il) wxplot2d ([sin(x),cos(x)],[x,-%pi,2*%pil,
[y,-1.2,1.21)%

St

cos(x) —|

(%ol) S ;

Prikazy plot2d a wxplot2d majli rovnaki syntax a ovela viac parametrov.

o Parametre zistime napriklad prikazom describe (plot2d).
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07. Grafy funkcii

Ak chceme zobrazit implicitnd funkciu, musime nacitat kniznicu implicit_plot.

o V novsich verzidch (minimélne wxMaxima 21.05.2) to uZ nie je potrebné.

(%il) load(implicit_plot);

(%o1) ../share/contrib/implicit_plot.lisp

(%i2) dimplicit_plot (x~2+y~2-1, [x,-1,1]1, [y,-1,11)$%
implicit_plot is now obsolete. Using plot2d instead:
plot2d (y"2+x"2-1=0, [x,-1,1], [y,-1,11)
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07. Grafy funkcii

Graf funkcie mézeme vykreslit viacerymi sposobmi.

Vyhodnejsie je pouzit prikazy wxdraw2d alebo draw2d a vystup presmerovat na Gnuplot.

Tieto prikazy maji mierne odliSni syntax ako wxplot2d, plot2d.
Parametre tlace st jednoduchsie a prehladnejsie.

Vykreslovana funkcia musi byt v prikaze explicit, parametric alebo implicit.

(%i1l) wxdraw2d (explicit((sin(x)),x,-2,2))$

1
0.8
0.6 -
04 -
02+

0L
02 L
04 L
0.6 -
08 L
1 I I I I I I I

(%01) 2 -15 -1 -05 0 0.5 1 15 2
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07. Grafy funkcii

Kreslenie pomocou prikazov wxdraw2d a draw2d.

o Pre spravne zobrazenie mézeme pouzit napr. parameter proportional _axes.

(%il) draw2d (proportional_axes=xy,xaxis=true,yaxis=true,
xrange=[-%pi,%pil,yrange=[-1.2,1.2],
color=blue,explicit((sin(x)) ,x,-%pi,%pi),
label (["explicit",-1.25,-.5]),
color=red,parametric(t,cos(t),t,-%pi,%hpi),
label (["parametric",1.25,-.5]),
color=green,implicit(x~2+(y+1)°2-4,x,-2,2,y,0,1),
label (["implicit",-2,.5]))$

- -,_"\\/// \\\

05 / /// \\\ \

0 N

AN / N

05F Qplicit p parametric \

-

//
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07. Grafy funkcii

o Prikaz draw2d.

(%il) draw2d(xaxis=true,yaxis=true,
xrange=[0,2%%pi] ,yrange=[-1.2,1.2],
color=blue,explicit((sin(x)) ,x,0,2*%pi),
color=red,explicit ((cos(x)),x,0,2x%pi))$

0.5

/// \\\

\

\ \
05 \ \ /
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07. Grafy funkcii

Prikaz wxdraw2d.

(%i1)

wxdraw2d (xaxis=true,yaxis=true,
xrange=[0,2%%pi] ,yrange=[-1.2,1.2],
color=blue,explicit((sin(x)) ,x,0,2*%pi),
color=red,explicit ((cos(x)),x,0,2x%pi))$
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07. Grafy funkcii

o Rovnakym spdsobom nakreslime parametrickl krivku alebo funkciu.

(%il) draw2d (proportional_axes=xy,xaxis=true,yaxis=true,
xrange=[-%pi,%pil,yrange=[-1.2,1.2],
color=blue,explicit ((sin(x)) ,x,-%pi,%kpi),
color=red,nticks=300,
parametric (cos(t),sin(t),t,0,2*%pi))$
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08. Postupnosti a rady

Postupnosti mo6zeme v Maxime vytvorit niekolkymi sposobmi.

o Postupnosti mézeme vytvorit napriklad prikazom makelist alebo prikazmi cyklu
for. .do.

o Prikaz makelist vytvori zoznam, ktory mozeme zobrazit aj ako celok aj po ¢lenoch.

(%i2) S1l:makelist (2*n~2-1,n,1,10);
S2:makelist (2*n~2-1,n,2,10,2);
(s1) [1,7,17,31,49,71,97,127,161,199]
(s2) [7,31,71,127,199]
(%i4) S1[1]1;S82[1];S81[10];
(%03) 1
(
(%05) 199
(%i6) S1[12];
inpart: invalid index 12 of list or matrix.
-- an error. To debug this try: debugmode(true);
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08. Postupnosti a rady

o Postupnost je vygenerovana aj so svojimi vzormi a potom sa vykresli pomocou draw2d.

o Usporiadané dvojice st v hranatych zatvorkdch a potom s zobrazené ako body v rovine.

(%i1) Sil:makelist([n,(2*n-1)/(n+1)],n,1,10);

(s1) [[1,3],[2,1],[3, 31, 14, &1, 15, 31, [6, 1, [7, 1. 8, 31, [9, 351 [10, 3311

(%i2) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[0,11] ,yrange=[-0.5,2.5],
color=blue,explicit ((2*n-1)/(n+1),n,0.5,10.5),
point_type=7,color=red,points(S1))$

B
e
e
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08. Postupnosti a rady

o Pomocou prikazu for. .do vypieme niekolko &lenov postupnosti {2n* — 1}~ .

(%i1) (for n:1 thru 15 do (a_n: 2*n~2-1, print(a_n)) )$
1
7
17
31
49
71
97
127
161
199
241
287
337
391
449
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08. Postupnosti a rady

o Peknym prikladom pouzitia prikazu for. .do je Fibonacciho postupnost.

(%i3) a0:0% al:1$ (for i:1 thru 14
do (an:al+al0,print(an),al:a0,al:an))$

Gl W N ==

21
34
55
89
144
233
377
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08. Postupnosti a rady

Stcet radu mdézeme vypoditat prikazom sum.
Tento prikaz nijdete v menu a podmenu [Calculate Sum...

o Pomocou prikazu sum vypocitame konecny aj nekoneény sticet.

(%il) sum(2*n~2-1,n,1,8);
(%o1) 400

o Maxima dokaze vypocitat presny sicet niektorych nekonecnych radov.

(%i2) sum(1/k"2,k,1,inf);
sum (1/k"2,k,1,inf) ,simpsum;

(%ol) 21 ()
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08. Postupnosti a rady

o0
o Ciselny rad ) (%) mozno graficky zobrazit nasledovne.
k=1

(%i1) a(n):=1/n"2$%
rec:makelist (rectangle ([i-1,0],[i,a(i)]),i,1,10)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-1,11] ,yrange=[-0.2,1.2],
border=true,color=black,fill_color=red,rec,
color=blue,explicit(a(n),n,0,11))$
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02. Realne funkcie

N3fe N3l

Matematicka analyza podporovana wxMaxima
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01. Zakladné pojmy

o Binarna relacia f medzi mnoZinami A# () a B # () je kazdé f C A x B.
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Binarna relacia f medzi mnoZinami A# () a B # () je kazdé f C A x B.

Ak pre kazdé x € A existuje najviac jedno y € B také, Ze [x; y] € f, potom sa relacia f
nazyva funkcia (zobrazenie) z mnoZiny A do mnoziny B, oznaéenie f: A — B.

Zapisujeme [x; y]€f alebo y = f(x).

x€EA Vzor, nezavisld premennd, argument.

yeB Obraz, zavisla premenna, hodnota funkcie.

D(f) ={x€A,yeB: [x;y]lef} Defini¢ny obor funkcie f (mnozina vzorov).
H(f) ={yeB,3xeD(f): [x;y]ef} Obor hodnét funkcie f

(mnozina obrazov).
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Binarna relacia f medzi mnoZinami A# () a B # () je kazdé f C A x B.

Ak pre kazdé x € A existuje najviac jedno y € B také, Ze [x; y] € f, potom sa relacia f
nazyva funkcia (zobrazenie) z mnoZiny A do mnoziny B, oznaéenie f: A — B.

Zapisujeme [x; y] € f alebo y = f(x).

x€EA Vzor, nezavisld premennd, argument.

yeB Obraz, zavisla premenna, hodnota funkcie.

D(f) ={x€A,yeB: [x;y]lef} Defini¢ny obor funkcie f (mnozina vzorov).
H(f) ={yeB,3xeD(f): [x;y]ef} Obor hodnét funkcie f

(mnozina obrazov).
Relacie a funkcie si mnoziny usporiadanych dvojic.

f = g predstavuje ekvivalenciu [x;y]ef < [x;y]€g,
t.j. D(f) = D(g) a pre vsetky x € D(f) plati f(x) = g(x).
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02. Postupnosti (realnych cisel)

{an} o, ={2n—-1}72, ={1,3,5,...}.

o Explicitné zadanie: a,=2n—1, neN.
o Rekurentné zadanie: a=1 a1 =a,+2 neN.
(%i3) a(n):=2*n-1$ S:makelist(a(n),n,1,8);
(S) [1,3,5,7,9,11,13,15]
(%i4) an:1$ (for n:1 thru 8 do (print(an),an:an+2))$
1
3
5
7
9
11
13
15
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02. Postupnosti (realnych cisel)

[eS)
n=1’

Postupnost {a,} an€R.

o Ak {kn} =, C N je rastica postupnost (prirodzenych &isel, indexov), potom sa {ax, } -,
nazyva podpostupnost (vybrana postupnost z) {a,} - .
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02. Postupnosti (realnych cisel)

[eS)
n=1’

Postupnost {a,} an€R.

o Ak {kn} =, C N je rastica postupnost (prirodzenych &isel, indexov), potom sa {ax, } -,
nazyva podpostupnost (vybrana postupnost z) {a,} - .

Podpostupnosti {a,}—; = {2n—1},2, ={1,3,5,7,9,11,13,...} st napriklad:

o {atro; =A{amte; ={a2 as,3,...} ={3,7,11,...} = {4n— 1} .
o {an}, ={2n—1}2,. o {2}, = {2n— 1}, o {101,109, 235,637, ...}.

(%i2) a(n):=2*n-1$ makelist(a(n),n,1,7);

(%02) [1,3,5,7,9,11,13]

(%i3) makelist(a(2*n),n,1,7);

(%03) [3,7,11,15,19,23,27]

(%i4) makelist(a(2%n),n,2,7);

(%o04) [7,11,15,19,23,27]

(%i5) print(a(51),a(b55),a(118),a(319))%$
101 109 235 637
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02. Postupnosti (realnych cisel)

(%il) a(n):=(n"2+n)/(n"3-2)%
Sa:makelist ([n,a(n)]l,n,1,15)$
print ("limit a(n)=",limit(a(n),n,inf))$
limit a(n)=0
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02. Postupnosti (realnych cisel)

(%il) a(n):=(n"2+n)/(n"3-2)%
Sa:makelist([n,a(n)],n,1,15)$
print ("limit a(n)=",limit(a(n),n,inf))$
limit a(n)=0

. 3 . n2 n— —2
o lim =2 = [im 4;4444)__
n—soo M TN n—oo M(+n

(%il) b(n):=(n"3-2)/(n"2+n)$
Sb:makelist ([n,b(n)],n,1,15)$
print ("limit b(n)=",limit(b(n),n,inf))$
limit b(n)= o0
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02. Postupnosti (realnych cisel)

01 02 03 04 05 06 07 O

(%il)

a(n):=(n"2+n)/(n"3-2)$%$ Sa:makelist([n,a(n)],n,1,15)$
b(n):=(n"3-2)/(n"2+n)$ Sb:makelist ([n,b(n)],n,1,15)$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[0,16] ,yrange=[-2.5,10],
color=green,explicit(a(n),n,1,16) ,point_type=7,
color=red,points(Sa),
label(["a(n)=(n"2+n)/(n~3-2)",10,a(10)+1]1) ,
color=green,explicit(b(n),n,1,16) ,point_type=7,
color=blue,points(Sb),
label (["b(n)=(n"3-2)/(n"2+n)",10,61))$
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03. Ciselné rady

Ak je {a,} =, postupnost,
potomsa Y a,=a;+a+ -+ a,+--- nazyva (nekonecny Ciselny) rad.

n=1
o Ciselné rady uzko sivisia s postupnostami a zovseobecnuji pojem scitavania na
nekonecny pocet scitancov. Jednoduchym prikladom st zlomky a periodické Cisla.
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03. Ciselné rady

Ak je {a,} =, postupnost,
potomsa Y a,=a;+a+ -+ a,+--- nazyva (nekonecny Ciselny) rad.

n=1

o Ciselné rady uzko sivisia s postupnostami a zovseobecnuji pojem scitavania na
nekonecny pocet scitancov. Jednoduchym prikladom st zlomky a periodické Cisla.

o0
dap=ar+ay+az+---+ ak + a1 + akio + ks + o

n=1
k oo
sk:Z a; (k-ty &iastoény stidet) re= Z a;i (k-ty zvysok)
i=1 i=k+1
[e'S) o o0
o {si}iy ={s1,%,53,...} ={sn},-1 Postupnost Ciastocnych siictov radu Y a,.

n=1
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03. Ciselné rady

Ak je {a,} =, postupnost,
potomsa Y a,=a;+a+ -+ a,+--- nazyva (nekonecny Ciselny) rad.

n=1

o Ciselné rady uzko sivisia s postupnostami a zovseobecnuji pojem scitavania na
nekonecny pocet scitancov. Jednoduchym prikladom st zlomky a periodické Cisla.

o0
dap=ar+ay+az+---+ ak + a1 + akio + ks + o

n=1
k oo
sk:Z a; (k-ty &iastoény stidet) re= Z a;i (k-ty zvysok)
i=1 i=k+1
o0 o0 e
o {si}iy ={s1,%,53,...} ={sn},-1 Postupnost Ciastocnych siictov radu Y a,.
00 - n=1
o Vztah medzi ) a, a postupnostou {s,} _, je vzajomne jednoznacny.
n=1
@ 51 =a; =S+ ar. @ a1 = 51 — Sp, kde s = 0.
@ SO = a1 +ap =51+ ap. @ a) =5 — 5].
@ S3=a; +ax+ a3 =S + as. @ a3 = S3 — 5.
@esp,=ar+a+---+ap-1+a,=5,_1+ an. @ a,=5,—5S,_1, heN.
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03. Ciselné rady

Rad > (-1)""1=1-1+1-1+1-1+1—-1+".-.
n=1

(%il)

a(n):=(-1)"(n+1)$

rec:makelist (rectangle ([i-1,0],[i,a(i)]1),1i,1,11)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-1.2,1.2],
border=true,color=black,fill_color=red,rec)$
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03. Ciselné rady

Harmonicky rad ’;1%214—%—1-%-&-%-&-%—1—---:00.

(%i1) a(n):=1/n$
rec:makelist (rectangle ([i-1,0],[i,a(i)]),i,1,11)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-.2,1.2],
color=green,explicit(a(n),n,.5,11),
border=true,color=black,fill_color=1light_red,rec)$
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sq(q):=sum(gq”n,n,1,inf)$ sq(1/2),simpsum;
sq(1/3) ,simpsum; sq(-1/2),simpsum; sq(2),simpsum;

1
1
21
3
sum: sum is divergent.
#0: sq(g=2) -- an error. To debug this try: debugmode(true);
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sq(q):=sum(gq”n,n,1,inf)$ sq(1/2),simpsum;
sq(1/3) ,simpsum; sq(-1/2),simpsum; sq(2),simpsum;

1
1
21
3
sum: sum is divergent.
#0: sq(g=2) -- an error. To debug this try: debugmode(true);

o V nasledujicom priklade sta¢i menit na zaciatku hodnotu gq.

(%i1)

q:0.8% a(n,q):=q"n$ peca:makelist([i,a(i,q)],i,1,11)$
reca:makelist (rectangle([i-1,0],[i,a(i,q)]),i,1,11)$
draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-4,4],
border=true,color=black,fill_color=light_red,reca,
label ([concat ("g=",string(q)),3,3.5]),
color=blue,explicit(a(n,q),n,1,11),
point_type=7,color=blue,points(peca))$
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03. Ciselné rady

oo oo
Rad 3" a,, a, > 0, n€ N (nezaporné €leny) ma vzdy sicet 0 < s = > a, < o0.

n=1 n=1
Porovnavacie kritérium. 0<a,< b, neN.
oo oo
o > b, —. = o Y a; —
n=1 n=1
o0 o0
° > a; — oo. = o > b, — 00.
n=1 n=1
Limitny tvar. 0<a,<b, neN.
oo oo
H an __
nlemb—n—p,0<p<oo. ° > a, —. & e Y by —.
n=1 n=1
o0 o0
o > a, — oc. < e Y b, — 0.
n=1 n=1

A
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03. Ciselné rady

(%i1)

a:[2.5,4,2,1,1,1.4,1.2,1,1,0.6,0.51%

pa:makelist ([i,al[i]],i,1,11)$

ra:makelist (rectangle([i-1,0],[i,al[i]]),i,1,11)8%
b:[(3.0,4,3,2,1,1.5,1.3,1,1,0.9,0.71%

pb:makelist ([i,b[1i]],i,1,11)$

rb:makelist (rectangle ([i-1,0],[i,b[i]]),i,1,11)$%

draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-.5,10.5] ,yrange=[-.5,5],
border=true,color=black,fill_color=1light_blue,
rb,color=black,fill_color=1light_pink,ra,

point_type=7,color=red,points(pa),point_type=7,
.5,2.71),

color=blue,points(pb),color=red,label (["a(n)",
color=blue,label (["b(n)",.5,3.2]1))%$
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03. Ciselné rady

d’Alembertovo (podielové) kritérium.

° %§q<1,n€N, kde g€ (0;1). = o Yy a, —
" n=1

o0
olS%,nEN. = 0 Y a; — 0.
" n=1

Limitny tvar. a, >0, neN.

o0
lim 22 =p o p<l. = o > a, —.

n=1

[ee]
op>1l = o > a, /. Pre p = 1 nevieme rozhodnut.
n=1
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03. Ciselné rady

d’Alembertovo (podielové) kritérium.

° %§q<1,n€N, kde g€ (0;1). = o Yy a, —
" n=1

o0
olS%,nEN. = 0 Y a; — 0.
" n=1

Limitny tvar.

a, >0, neN.

o0
o p<l. = o > a—.
n=1

[ee]
op>1l = o > a, /. Pre p = 1 nevieme rozhodnut.
n=1

o0 o0
o Y a,=> n—o00,ale lim 22 = |im 2 =1
=1 =1 n—oo 9n n—oo N
o) s} 1 a i 1)2 5 5
° I = — ale lim 22 = |im & — |im 2 = lim —2— =1
,,z::l " n;l s n—oo n n—oo 2 n—oo (MH1)? " oo m?+2n+1
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03. Ciselné rady

Cauchyho (odmocninové) kritérium. a, >0, neN.

o Va,<q<1 neN, kde qe(0;1). = o > a, —.
n=1

o0
o 1 < /a,, neN. = 0 Y a; — 0.

n=1

Limitny tvar. a, >0, neN.

o0
lim va,=p. op<l. = o > a,—.

n—o00 n=1

[ee]
op>1l = o > a, /. Pre p = 1 nevieme rozhodnut.
n=1
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03. Ciselné rady

Cauchyho (odmocninové) kritérium. a, >0, neN.

o Va,<q<1 neN, kde qe(0;1). = o > a, —.
n=1

o0
o 1 < /a,, neN. = 0 Y a; — 0.
n=1
Limitny tvar. a, >0, neN.
o0
lim v/a, = op<l.= o> a,—
n— 00 n=1
[ee]
op>1l = o > a, /. Pre p = 1 nevieme rozhodnut.
n=1

n— 00

° Z::a,,:;n—ux,ale le va, = lim y/n=1
Z

Bl = —, ale I|m VE) Iim”——llm——llm = 1.
=il n ngl n n—o00 n’ n—o00 V'n? n—o00 ff
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d'Alembertovo podielové kritérium:

o0

f a™t oal a _ a __ a"
on[)n;om;_nln;on+l_;_0<l- :>°,;lﬁ—>prea>0.
Cauchyho odmocninové kritérium:

S n
o lim /2 = |lim -2 =2 =0< 1. = o 2 — pre a > 0.
n— 00 ! n—oo Vn! e ,,2_:1 n! P

(%i5) an(n,a):=a"n/n!$ a:2$% limit(an(n,a),n,inf ,plus);
limit(an(n+l,a)/an(n,a),n,inf,plus);
limit ((an(n,a))~(1/n),n,inf ,plus);

(%03) 0

(%04) 0O

(%05) 0
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03. Ciselné rady

(%il)

a(n):=(-1)"(n+1)/n$ pa:makelist([i,a(i)],i,1,21)8$
ra:makelist (rectangle([i-1,0],[i,a(i)]),i,1,21)8%
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-.5,20.5] ,yrange=[-.7,1.2],
color=blue,explicit(abs(a(n)),n,.5,21),
explicit(-abs(a(n)),n,.5,21),
border=true,color=black,fill_color=1light_red,ra,
label(["a(n)=(-1)"{(n+1)}/n",10,.9]1),
point_type=6,color=blue,points(abs(pa)),point_type=7,
color=blue,points(pa))$

a(m=("/n

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

04. Funkcie

Funkcia y = f(x), x€ D(f), t.j. f: D(f) — H(f).
o D(f)CR Funkcia redlnej premenne;.
o H(f)CR Reélna funkcia.
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04. Funkcie

Funkcia y = f(x), x€ D(f), t.j. f: D(f) — H(f).
o D(f)CR Funkcia redlnej premenne;.
o H(f)CR Reélna funkcia.
Explicitne: o y =f(x), xeD(f) (Analyticky vzorec).
Parametricky: o fix=o(t), y=1(t), teJ, JC R (Pomocné funkcie ¢, ).
Implicitne: o f: F(x,y) =0, podmienky pre [x;y] (Implicitna rovnica).
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04. Funkcie

Funkcia y = f(x), x€ D(f), t.j. f: D(f) — H(f).
o D(f)CR Funkcia redlnej premenne;.
o H(f)CR Reélna funkcia.

Explicitne: o y =f(x), xeD(f) (Analyticky vzorec).
Parametricky: o fix=o(t), y=1(t), teJ, JC R (Pomocné funkcie ¢, ).
Implicitne: o f: F(x,y) =0, podmienky pre [x;y] (Implicitna rovnica).
Funkciu f: y = |x|, x€ R m6zeme napriklad definovat:
Explicitne: oy =1Vx2, resp. @ y = max{—x, x}.
Parametricky: o x=1t, y=1|t|, tER, resp. @ x=1t,y= V2, teR.
Implicitne: 0y?—x2=0,y>0, resp. o y—|x|=0.
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04. Funkcie

(%i1) draw2d(xaxis=true,yaxis=true,
xrange=[-2,2] ,yrange=[-.2,2],
color=blue,explicit (abs(x),x,-2,2),
label (["y=abs(x)",-.75,1.3]),
color=red,explicit(sqrt(1-x~2),x,-1,1),
label (["y=sqrt(1-x~2)",0,1.1]),
color=black,label (["Explicit",-1,1.75]1))%

Bxplicit

05
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04. Funkcie

(%i1) draw2d(xaxis=true,yaxis=true,
xrange=[-2,2] ,yrange=[-.2,2],
color=blue,parametric(t,abs(t),t,-2,2),
label (["x=t, y=abs(t)",-.7,1.3]1),
color=red,nticks=100, parametric(cos(t),sin(t),t,0,%pi),
label (["x=cos(t), y=sin(t)",0,1.1]1),
color=black,label (["Parametric",-1,1.75]))%$

Parametric

05
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04. Funkcie

(%i1) draw2d(xaxis=true,yaxis=true,
xrange=[-2,2] ,yrange=[-.2,2],
color=blue,implicit(y~2-x"2,x,-2,2,y,0,2),
label (["y~2-x"2=0, y>=0",-.65,1.3]1),
color=red,implicit(x~2+y~2-1,x,-1,1,y,0,1),
label (["x~2+y~2=1, y>=0",0,1.11),
color=black,label (["Implicit",-1,1.75]1))%

25
N\ I //
\ mplicit /
\ /
\ /
15 \ /
\ pateo /
yox°=0,y>=0 /
\ Kyl y>=0 //
L i
N/ N/
X \
05 / N\ /
/ \ \
N\
/)
o |
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05. Elementarne funkcie |

Elementarna funkcia sa nazyva kazda funkcia vytvorend pomocou operacii s¢itania, od¢itania,
nasobenia, delenia alebo pomocou skladania funkcii zo zadkladnych elementarnych funkcii:

o y=1, °o y=x, o y=¢ex o y=lInx,

e y =sinx, @ y = arcsin x, @ y = arctan x.
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05. Elementarne funkcie |

Elementarna funkcia sa nazyva kazda funkcia vytvorend pomocou operacii s¢itania, od¢itania,
nasobenia, delenia alebo pomocou skladania funkcii zo zadkladnych elementarnych funkcii:

o y=1, °o y=x, o y=¢ex o y=lInx,

e y =sinx, @ y = arcsin x, @ y = arctan x.

Polyném stupna n

for y = ap + a1x + axx® + -+ + ap,x", kde ap, a1, ...,a,€R, ne NU {0}, a, # 0.

e fy: y = ag, ag # 0 sa nazyva konstantna funkcia.
e fi:y=ap+ aix, a; # 0 sa nazyva linearna funkcia.

o fiy =ap+ aix + apx?, ap # 0 sa nazyva kvadraticka funkcia.
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(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-1.5,1.5] ,yrange=[-2,2],
color=green,explicit(x,x,-1.5,1.5),
label (["y=x",.2,1.75]),
color=red,explicit(x~2,x,-1.5,1.5),
label (["y=x"2",.2,1.5]),
color=blue,explicit(x~3,x,-1.5,1.5),
label([”y=x"3" ,.2,1.25]),
color=orange ,explicit(x"4,x,-1.5,1.5),
label (["y=x"4",.2,1]) ,color=brown,
point_type=7,points ([[-1,-1],[-1,1],[1,1]1]1))$
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(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-1.5,1.5] ,yrange=[-2,2],
color=green,explicit(1/x,x,-1.5,1.5),
label (["y=1/x",.2,1.75]),
color=red,explicit(1/x72,x,-1.5,1.5),
label (["y=1/x"2",.2,1.5]),
color=blue,explicit(1/x"3,x,-1.5,1.5),
label([”y=1/x"3" ,.2,1.25]1),
color=orange ,explicit(1/x"4,x,-1.5,1.5),
label (["y=1/x"4",.2,1]),color=brown,
point_type=7,points ([[-1,-1],[-1,1],[1,1]1]1))$
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05. Elementarne funkcie |

Racionalna lomena funkcia

fo(x) _ 30+31X+32X2+~~-+anx”
(X) T bg+bix+box24---4bypx™!

kde f,, f,, s polynémy stupriov n,me N U {0}.

o
<
I
N
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05. Elementarne funkcie |

Racionalna lomena funkcia

fo(x) _ agtaixtapx®4-tax”

kde f,, f,, s polynémy stupriov n,me N U {0}.

o
<
I
N

(x) = botbixtbox?+ e Fbpxm !

v

Mocninna funkcia

fry=x",kdereR, r #£0.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04

05. Elementarne funkcie |

Racionalna lomena funkcia

f' — fﬂ(X) — 30+31X+32X2+~~-+anx”
’ y B f,,,(x) T bg+bix+box24---4bypx™!

kde f,, f,, s polynémy stupriov n,me N U {0}.

v

Mocninna funkcia

fry=x",kdereR, r #£0.

Exponencialna funkcia so zakladom a > 0

f:y=a" xeR.

o NajdolezitejSia je f: y = exp x = e* so zékladom e (Eulerovo ¢&islo).
o Graf sa nazyva exponencialna krivka a prechadza bodmi [0; 1] a [1; 4.

o Grafy funkcii y = a*, y = a=* st symetrické podla osi y.
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(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-.5,1.5] ,yrange=[-.5,2],
color=blue,explicit(x~2.3,x,0,1.5),
label (["y=x~{2.3}",.2,1.75]),
color=red,explicit(x~1.5,x,0,1.5),
label (["y=x"{1.5}",.2,1.55]),
color=green,explicit(x,x,-0,1.5),
label([”y=x" ,.2,1.35]),
color=orange ,explicit(x~.8,x,0,1.5),
label(["y=x"{0.8}" ,.2,1.15]1),
color=violet ,explicit(x~.4,x,0,1.5),
label (["y=x"{0.4}",.2,1]1),
color=brown,point_type=7,points ([[0,0],[1,111))$
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(%i1)

draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,3] ,yrange=[-.5,3],
color=blue,explicit(x~-2.3,x,0,3),
label (["y=x"{-2.3}",.2,.95]),
color=red,explicit(x~-1.5,x,0,3),

label (["y=x"{-1.5}",.2,.75]),
color=green,explicit(x”-1,x,-0,3),
label(["y=XA{—1}" ,.2,.55]),
color=orange ,explicit(x~-.8,x,0,3),
label (["y=x~{-0.8}",.2,.35]),
color=violet ,explicit(x"-.4,x,0,3),
label (["y=x~{-0.4}",.2,.15]),
color=brown,point_type=7,points ([[1,1]]1))$
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(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-.5,5],
color=blue,explicit(%e”"x,x,-5,5),
label (["y=e~x",1,4.75]),
explicit (e~ (-x),x,-5,5),
label (["y=e~{-x}",-1,4.75]),
color=red,explicit(27x,x,-5,5),
label (["y=2"%x=(1/2)"{-x}",3,3.75]),
explicit (27 (-x),x,-5,5),
label (["y=2"{-x}=(1/2)"x",-3,3.75]),
color=grey,parametric(l,t,t,-.5,5),
label (["x=1",1.5,1.5]),color=brown,point_type
points ([[0,1],[1,1/21,[1,2],[1,1/%el,[1,%el]l)

>

=7
)8
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05. Elementarne funkcie |

(%il) exp(x)+%e~x;exp(1);
(%01) 2% e~
(%02) %e
(%i5) log(x);1log(2);1log(he);
(%03) log(x)

(%o04) log(2)

(%05) 1

(%i8) log_2(x):=log(x)/log(2);log_2(2);log_2(%e);
(
(
(

%06) log _2(x) := :Zigg
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Logaritmicka funkcia so zédkladom a > 0, a # 1

f:y =log,x, x€(0;00).

o Logaritmicka funkcia y = log, x, x € (0; o) je inverzna k exponencialnej funkcii y = a*,
x € R s rovnakym zdkladom a > 0, a # 1 (y = log, x < x = a).

o Prea>0,a#1plati: x=a"8* prex > 0.
x = log, a* pre xeR.
o Graf sa nazyva logaritmicka krivka a prechadza bodmi [1;0] a [a; 1].

o Grafy funkcii y = log, x a y = log,-1 x st symetrické podla osi x.
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Logaritmicka funkcia so zédkladom a > 0, a # 1

f:y =log,x, x€(0;00).

o Logaritmicka funkcia y = log, x, x € (0; o) je inverzna k exponencialnej funkcii y = a*,
x € R s rovnakym zdkladom a > 0, a # 1 (y = log, x < x = a).

o Prea>0,a#1plati: x=a"8* prex > 0.
x = log, a* pre xeR.
o Graf sa nazyva logaritmicka krivka a prechadza bodmi [1;0] a [a; 1].
o Grafy funkcii y = log, x a y = log,-1 x st symetrické podla osi x.
o a=10. = Dekadicky logaritmus, oznacenie logx = log;, x.

e a=e. = Prirodzeny logaritmus, oznacenie In x = log, x.

exp(x)=%e"x a log(x) (prirodzeny logaritmus) majd ziklad e.

o Ak chceme vypocitat logaritmus s inym zakladom, napr. log, x, musime pouzit
konstrukciu log, x = Inx/ In 2.
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(%i1)

draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-5,5],

color=blue,explicit (exp(x),x,-5,5),

label (["y=e~"x",1,4.5]),
explicit(log(x),x,.01,5),label(["y=1n(x)",4,1]),
color=red,explicit(27x,x,-5,5),

label([”y=2"x" ,2.75,4.5]) ,

explicit (log(x)/log(2),x,.01,5),

label (["y=1log_2(x)",4,2.5]1),
color=orange ,explicit ((1/2)"x,x,-5,5),

label (["y=(1/2)"x",-3,4.5]),
explicit(-log(x)/log(2),x,.01,5),

label (["y=log_{(1/2)}(x)",3,-2.25]),
color=grey,parametric(t,t,t,-5,5),label (["y=x",4,4.5]),
parametric(1,t,t,-5,5),label (["x=1",1.5,-3.5]),
parametric(t,1,t,-5,5),label (["y=1",-3.5,1.5]),
color=brown,point_type=7,points ([[1,0],[0,1],
[1,2],[2,1],[1,1/2],([1/2,1],[1,%e]l,[%e,11]1))$

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 01 02 03 04 05 06 O

05. Elementarne funkcie |

o Grafy exponencialnych a logaritmickych funkcii z predchadzajdcej strany.

(%il)

draw2d (grid=true ,Xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-5,5],

color=blue,explicit (exp(x),x,-5,5),

label (["y=e~"x",1,4.5]),
explicit(log(x),x,.01,5),label(["y=1n(x)",4,1]),
color=red,explicit(2°x,x,-5,5),

label (["y=2"x",2.75,...the command continues (previous page)

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 01 02 03 04 05 06 07 O

05. Elementarne funkcie |

(%i1)

draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-.5,5] ,yrange=[-5,5],
color=blue,explicit(log(x),x,.01,5),

label (["y=1n(x)",4.5,1.25]),
explicit(-log(x),x,.01,5),

label (["y=log_{(1/e))}(x)=-1n(x)",4,-.75]1),
color=red,explicit(log(x)/log(2),x,.01,5),
label (["y=1log_2(x)=-1log_{(1/2)}(x)",3,2.25]),
exp11c1t(—log(X)/10g(2) s Xy 01:5) )

label (["y=log_{(1/2)}(x)=-log_2(x)",3,-2.25]),
color=grey,parametric(t,1,t,-.5,5),

label (["y=1",1.5,1.5]),color=brown,point_typ
points ([[1,0],[1/2,1]1,[2,1],[1/%e, 1], [%e,1]]

e=T7,
))$

A
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06. Elementarne funkcie Il

rické (trigonometrické) funkcie si:

o Sinus y =sinx = |AAL|: R— (-1;1).

o Kosinus y = cosx = |OA,|: R — (—1;1).

o Tangens y=tgx=20X —|TJ|: R—{%+km keZ} = R.

o Kotangens y = cotgx = X = |CK]: R —{km,keZ} — R. )
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06. Elementarne funkcie Il

Goniometrické (trigonometrické) funkcie su:

01 02 03

04 05 06 07 08

o Sinus y =sinx = |AAL|: R— (-1;1).

o Kosinus y = cosx = |OA,|: R — (—1;1).

o Tangens y=tgx=20X —|TJ|: R—{%+km keZ} = R.

o Kotangens y = cotgx = X = |CK]: R —{km,keZ} — R. )

x€(3;m)

x€(3£;2m)

o Cislo 7 sa nazyva Ludolfovo. Jeho hodnota je priblizne 3, 141 592 654.

o Kruznica s polomerom r = 1 ma obvod 2.
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o V programe Maxima maji goniometrické funkcie tvar sin(x), cos(x), tan(x), cot(x).
o Argumenty goniometrickych funkcii musia byt zadané v radianoch.

o Ak chceme pouzit stupne, musime ich najprv previest na radiany.

(%i3) tangrad(x):=tan(x/180%%pi); tangrad(22.5);
ratsimp (tangrad (22.5));

(%o01) tangrad(x) := tan (3357)

(%o02) tan (0.1257)
rat: replaced 0.125 by 1/8 = 0.125

(%03) tan(%)
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06. Elementarne funkcie Il

o V programe Maxima maji goniometrické funkcie tvar sin(x), cos(x), tan(x), cot(x).
o Argumenty goniometrickych funkcii musia byt zadané v radianoch.

o Ak chceme pouzit stupne, musime ich najprv previest na radiany.

(%i3) tangrad(x):=tan(x/180%%pi); tangrad(22.5);
ratsimp (tangrad (22.5));

(%o01) tangrad(x) := tan (3357)

(%o02) tan (0.1257)
rat: replaced 0.125 by 1/8 = 0.125

(%03) tan(%)

o Na zjednodusenie prace s goniometrickymi funkciami mézeme pouzit prikazy
trigsimp, trigrat, trigexpand, trigreduce a bali¢cky atrigl, ntrig alebo spangl,
ktoré obsahuji dalSiu podporu pre pracu s goniometrickymi funkciami.

o Balicky nacitame do systému pomocou prikazu load.
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(%i1) tan(%pi/4);tan(%pi/6);tan(%pi/8);
(%01) 1

(%02) 3

(%03) tan (%)

(%i4) ratsimp (tan (%pi/8));

(%o04) tan (%)

(%i5) trigsimp(tan(%pi/8));

(%o05) &)

(%i6) load(spangl);

(
(
(

%o06) ../share/trigonometry/spangl.mac
%i7) tan(%pi/8);
%o07) V2 -1
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(%il) draw2d (proportional_axes=xy,grid=true,
Xaxis=true,yaxis=true,
xrange=[-1.75*%pi-.1,1.75%*%pi+.1],yrange=[-1.1,1.1],
color=blue,explicit(sin(x),x,-3*%pi,3*)%pi),
label (["y=sin(x)",3.25,.75]),
color=red,explicit(cos(x),x,-3*%pi,3*%pi),
label (["y=cos(x)",-1.75,.75]),
color=grey,parametric(t,1,t,-3*%pi,3*%pi),
parametric(t,-1,t,-3*%pi,3*%pi))$

8 y=cos(x) " | < y=sin() /
0.3 SN > - /,
™, ™
05F A < \<
;5 S~ N D,
4 2 0 2 4
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06. Elementarne funkcie Il

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-1.75%%pi-.1,1.76%%pi+.1],
yrange=[-1.75*%pi-.1,1.75%%pi+.1],
color=blue,explicit(tan(x),x,-3*%pi,3*%pi),
label (["y=tan(x)",2.25,4.5]),
color=red,explicit(cot(x),x,-3*%pi,3*%pi),
label (["y=cot(x)",-.75,4.5]),

color=grey, /* asymptotes */ ] U T )7 \
parametric(0,t,t,-6,6), ot \ swmnk ﬁﬁwk |
parametric (%4pi/2,t,t,-6,6), / \ ‘ Eﬁ \/
parametric (-%pi/2,t,t,-6,6), 2/ y/ 2/
parametric (%pi,t,t,-6,6), 0 A - NN
parametric (-%pi,t,t,-6,6), // Y *{
parametric (3*%pi/2,t,t,-6,6), N /E } /\ /
parametric (-3*%pi/2,t,t,-6,6))$ . f \ | | |

|| | F |
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06. Elementarne funkcie Il

Stctové vzorce pre sinus a kosinus.

o sin(x=*y)=sinx-cosy =+ cosx -siny. @ cos(x +y)=cosx-cosy Fsinx-siny.
e sin2x = sin(x + x) = 2sinx - cos x. o c0s2x = cos (x + x) = cos? x — sin® x.
o sin’x = l=gge2x, o cos?x = 12X g sin x + cos? x = 1.
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06. Elementarne funkcie Il

Stctové vzorce pre sinus a kosinus.

01 02 03 04 05 06 07 08

o sin(x=*y)=sinx-cosy =+ cosx -siny.

e sin2x = sin(x + x) = 2sinx - cos x.

° sin2X:#. e cos?x = S

1+4-cos 2x

@ cos(x +y)=cosx-cosy Fsinx-siny.

2 2

@ cos2x = cos (x + x) = cos” x — sin” x.

o sin’x +cos?x = 1.

Cyklometrické funkcie st inverzné ku goniometrickym funkciam:

o Arkussinus y = arcsin x: (-1;1) — <g %>
o Arkuskosinus y = arccos x: (—1;1) — (0; 7).
o Arkustangens y = arctg x: R — (_g g)

o Arkuskotangens y = arccotg x: R — (0; )

o Ku goniometrickym funkcidm neexistuju inverzné funkcie, pretoze nie st injektivne.

Je potrebné ich vhodne zizit.
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06. Elementarne funkcie Il

o Cyklometrické funkcie maji tvar asin(x), acos(x), atan(x), acot (x).

o Na tomto mieste mézeme spomenit funkciu atan2(x,y) definovani vztahom arctg %

(%i4) asin(1l);asin (1) ,numer;

acos (1);acos (1) ,numer;

(%ol) 7

(%02) 12.570796326794897

(%01) 0

( ) 0.0

(%i7) atan2(2,4);atan(1/2);atan(1/2) ,numer;
(%05) atan(3)

(%06) atan(3)

(%o07) 0.4636476090008061

Stctové vzorce pre cyklometrické funkcie.

e arcsinx +arccosx = 7 pre xe(—1;1). e arctgx + arccotgx = 7 pre x€R.
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06. Elementarne funkcie Il

(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-2,%pi+.1] ,yrange=[-2,%pi+.1],
color=blue,explicit(sin(x),x,-%pi/2,%pi/2),
label (["y=sin(x)",2.25,1]) ,explicit(asin(x),x,-1,1),
label (["y=arcsin(x)",1.5,%pi/2]1),
point_type=7, points ([[0,0],[1,%pi/2],
[-1,-%pi/2],[%pi/2,1],[-%pi/2,-111),
color=red,explicit(cos(x),x,0,%pi),
label (["y=cos(x)",-.5,11),
explicit (acos(x),x,-1,1), s
label (["y=arccos(x)",1,-.25]),
point_type=7,

#y=arcsin(x)

pOintS ( [ [O ) 1] ) [1 ) O] ) 1 y=cos(x) F,,\\\///4 y=sinG)
[hpi,-11,[-1,%pil]), A
color=grey, 0 - PR
parametric(t,t,t,-5,5), P ~
label (["y=x",2.4,2.8]))% . *// -

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 01 02 O

06. Elementarne funkcie Il

(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-5,5],
color=blue,explicit(tan(x),x,-%pi/2+.01,%pi/2-.01),
label (["y=tan(x)",2.25,4.5]) ,explicit(atan(x),x,-5,5),
label (["y=arctan(x)",4,1.75]),color=grey,
parametric(t,-%pi/2,t,-5,5) ,parametric(t,%pi/2,t,-5,5),
parametric(-%pi/2,t,t,-5,5),parametric (%pi/2,t,t,-5,5),
color=red,explicit(cot(x),x,.01,%pi-.01),
label (["y=cot(x)",-.5,4.5]),

explicit (%pi/2-atan(x),x,-5,5), . ) W%W
label (["y=arccot(x)",4,-.25]), B \ |
color=grey, 2 h *,\/ y=arcton()
parametric(t,0,t,-5,5), e
parametric (t,%pi,t,-5,5), 0 i
parametric(0,t,t,-5,5), ,,f,/x//f \
parametric (%pi,t,t,-5,5))8% ? / ‘

-4 | |

| |
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06. Elementarne funkcie Il

o Musime si dat pozor na nepresn( interpretaciu funkcie arkuskotangens.

(%i4)

(%i5)

acot (-1)$

print ("acot (-1)=",acot(-1),"is bad")$
%pi/2-atan(-1)$

print ("acot (-1)=",%pi/2-atan(-1),"is ok")$
acot(—1) = —7 is bad

acot(—1) = -3¢ s ok

plot2d ([cot (x),acot(x)],[x,-5,5],[y,-5,5]1)$%

http://frcatel.fri.uniza.sk /users /beerb
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06. Elementarne funkcie Il

(%il) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-4,4] ,color=red,
explicit (%pi/2-atan(x),x,-5,5),label(["0ok",-4,3.25]),
color=brown,point_type=7,
points ([[-1,%pi/2-atan(-1)11))$
(%i2) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-4,4] ,color=blue,
explicit (acot(x),x,-5,5),label(["bad",-4,-.5]),
color=brown,point_type=7,points ([[-1,acot(-1)11))$

b

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 01 02 03 04 05 06 07 08

06. Elementarne funkcie Il

Hyperbolické funkcie si:

o Hyperbolicky sinus y=sinhx=¢=e" 1. R_LR

o Hyperbolicky kosinus  y = coshx = €% — €41, R (1:00).

o Hyperbolicky tangens  y =tghx = Sthx — € —e _. R — (-1;1).

o Hyperbolicky kotangens y = cotghx = Shx — €£e . R _ {0} — R — (~1;1).
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06. Elementarne funkcie Il

Hyperbolické funkcie si:

o Hyperbolicky sinus y=sinhx=¢=e" 1. R_LR

o Hyperbolicky kosinus  y = coshx = € — €41, R, (1. 00).

o Hyperbolicky tangens y =tghx =Smhx —c—e ' R (—1;1).

o Hyperbolicky kotangens y = cotghx = Shx — €£e . R _ {0} — R — (~1;1).

o Hyperbolické funkcie maji podobné vlastnosti ako goniometrické funkcie.

Stctové vzorce pre sinus a kosinus hyperbolické.

. . . S 12 cosh2x—1
o sinh(x = y) = sinh x - cosh y + cosh x - sinh y. o sinh® x = =X,
_ - ' 2 cosh2x+1
o cosh (x = y) = cosh x - cosh y + sinh x - sinh y. o cosh® x = Coshoxts,
o sinhxtcoshx = £=8" + e = febx, o cosh? x —sinh? x = 1.
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06. Elementarne funkcie Il

Moivreov vzorec. xXER, neN.

o (cosh x =+ sinh x)" = cosh nx = sinh nx

o Hyperbolické funkcie st sinh(x), cosh(x), tanh(x), coth(x) a k nim inverzné
hyperbolometrické funkcie si asinh(x), acosh(x), atanh(x), acoth(x).

(%i4) sinh(x);cosh(0);tanh(0);coth(1l),numer;

(%o1) sinh (x)

(%02) 1

(%03) 0

(%o04) 1.313035285499331

(%i8) asinh(x);acosh(1l);atanh(0);acoth(1.3),numer;
(%o05) asinh(x)

(%06) 0

(%07) 0

(%08) 1.01844096363052
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06. Elementarne funkcie Il

Hyperbolometrické funkcie st inverzné ku hyperbolickym funkciam:
o Argument sinus hyperbolicky
y =argsinhx =In(x+vx2+1): R—R.
o Argument kosinus hyperbolicky
y = argcoshx = In (x + vx2 — 1): (1;00) — (0; 00).
o Argument tangens hyperbolicky
y = argtghx = 3 In 1£%: (-1;1) = R.

o Argument kotangens hyperbolicky
y = argcotghx = 3 In XtL: R—(-1;1) - R — {0}.

(%i3) ash(x):=log(x+sqrt(x~2+1))$
a:2$ asinh(a)-ash(a),numer;

(%03) 0.0
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Pri vysetrovani funkcie je potrebné charakterizovat jej lokalne vlastnosti v roznych
intervaloch a v okoliach délezitych bodov.

Funkcia f nemusi byt definovanad v bode, okolo ktorého ju vysetrujeme.

Bod a€ R* sa nazyva hromadny bod mnoziny A C R,
ak pre kazdé okolie O(a) existuje x€ O(a) N A, x # a.
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o Pri vysetrovani funkcie je potrebné charakterizovat jej lokalne vlastnosti v roznych
intervaloch a v okoliach délezitych bodov.

o Funkcia f nemusi byt definovana v bode, okolo ktorého ju vySetrujeme.

Bod a€ R* sa nazyva hromadny bod mnoziny A C R,
ak pre kazdé okolie O(a) existuje x€ O(a) N A, x # a.

Nasledujiica definicia pomocou postupnosti sa nazyva v zmysle Heineho.

Funkcia f ma v bode ac R* limitu be R*, oznalenie lim f(x) = b, ak:
xX—a

e a je hromadny bod mnoziny D(f).
o Prevdetky {x,} o, C D(f), xn # a, {xn} e, — a plati {f(x,)} =, — b.

Ak lim f(x) = b, potom existuje (aspofi jedna) {xn}2; — a, x,€D(f) — {a}
a plati lim f(x) = lim f(x,).
X—ra n— 00

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

07. Limita funkcie

a€ R* je hromadny bod mnozin D(f) a D(g), O(a) je okolie.

VxeO(a), x #a o f(x)=g(x). = o lim f(x)= |i_>m g(x) pokial existuja.
X—ra X—ra

o f(x) <g(x). = o lim f(x) < lim g(x) pokial existuja.
X—a X—ra

~— | ~— — =S

VxeO0(a), x #a o f(x)<g(x). = o lim f(x) < lim g(x) pokial existujd.
X—ra

X—a

a€R* je hromadny bod mnozin D(f), D(g) a D(h), O(a) je okolie.
o Vxe0(a), x # a: h(x) < f(x) < g(x).
o lim h(x) = l@ag(x) = b, kde be R*.

X—a

} = o Existuje lim f(x) = b.
X—ra

lim s — .

X—00

o 00 je hromadny bod defini¢ného oboru D(f) = R — {0} funkcie f: y = =X,

o x>0.=-l<ix<cl 0= im i< |im 8 < |im 1 =0.= |im X =0

X—00 X—00 x—00 X X—00
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07. Limita funkcie

sinx _ 0

o lim
X

X—r 00

(%il) limit (sin(x)/x,x,inf);
(%01) 0

(%i1) f(x):=sin(x)/x$ for i:1 thru 10 do
(x:10071, print(x," ",ev(f(x),numer)))$

100 —0.005063656411097588
10000 —3.056143888882521 - 10~°
1000000 —3.499935021712929 - 10~/
100000000 9.31639027109726 - 10~°
10000000000 —4.875060250875107 - 10—11
1000000000000 —6.112387023768895 - 10~ 13
100000000000000 —2.094083074964523 - 10~ 15
10000000000000000 7.796880066069787 - 1017
1000000000000000000 —9.929693207404051 - 10~1°
100000000000000000000 —6.452512852657808 - 102!
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lim = 1.
x—0 X
o 0 je hromadny bod D(f) = R — {0} funkcie f: y = X,
o 0<x<Z S 0<sinx <x<tgx, = 1=8nx o X oG 1
o —7<x<0. = tgx < x <sinx < 0. :coixz%>sijx>§;:§:1.
° X¢€ —g,g)—{O} :>1<smx colsx'
1 : _
=1 —l@01< lim siT < Iinocosx =1 = JT;]OSMX =1L
(%il) limit(sin(x)/x,x,0)
(%o01) 1
(%i2) limit(sin(x)/x,x,inf)
(%02) 0
(%i3) limit(sin(x)/x,x,minf)
(%03) 0
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07. Limita funkcie

o lim x(ve—1)=1

X—r 00

(%i2) limit(x*(%e~(1/x)-1),x,0);limit (x*(%e”(1/x)-1),x,inf);
(%o01) und /* undefined x*/
(%02) 1
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07. Limita funkcie
o lim x(ve—1)=1

X—>00

(%i2) limit(x*(%e~(1/x)-1),x,0);limit (x*(%e”(1/x)-1),x,inf);

(%o01) und /* undefined x*/

(%02) 1
: =) . x—2 . 1

o lim X~ =Ilm 3+ =Ilim — == =1
X3 X2—=3x+2 2 (x=2)(x=1) 3 X—1 2—1
c3xd2x Tt 3xdoxh  x o 3x%42 _ 3.042 _ 1

O lino x+4x—1 l[PO x+4x—1  x T )!TJO x2+4 — 0+4 — 2°
. 2_ 3542 L (x=1)(x—2) s ox—1 2—1 1

o lim X53%t2 — |jm XA |y 2= — 221 L
x—2 x2—2x X—2 x(x=2) x—2 X 2 2

(%i3) 1limit ((x-2)/(x"2-3*%x+2) ,%x,2);
limit ((3*x+2*1/x)/(x+4*1/%),x,0);
limit ((x72-3*x+2)/(x"2-2%x) ,x,2);

(%o01)

(%02)

(%03)

NI=NI= =
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07. Limita funkcie
— |lim X(\/er\/ﬁ)

o lim = [im X{V/IHxtvI—x)
x—0 \/l+x—\/l —x x—0 (V1+x—vI—x)-(V1+x+v1—x) x—0 (1+x)—(1—x)
i 2TV iy VIEESVISE _ VIFBRVISD L1

x—0 2 x—0

o lim 12VI=x — |jpy G=VIX)(bvI=x) gy 120X iy x
x—0 X x—0 x-(1++v/1—x) x—0 x+4/x2—x3 x—0 x+\/><2—x3

= lim —*— = |im 1 =
x—0Q X+x- V1—x x—0 1+\/1 X 1+\/170
. Vx2—14+vx241 . 2_ 2 .
eIy = |im (1/X21—|— 7X42'1):|Im (\/1—%"‘\/14‘%)
X—00 A X—00 A s X—00 2 2

o lim
=1-2 41+ L =vI-0+VIT0=1+1=2

(%i3) limit(x/(sqrt(1+x)-sqrt(l-x)),x,0);
limit ((1-sqrt(1-x))/x,x,0);
limit ((\sqrt(x~2-1)+sqrt(x~2+1))/x,x,inf);
(%01) 1
(%02) 1
(%03) 2
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07. Limita funkcie

— Subst. x = z%? 31 . _
ollm“,/;(l_ = lim :Ilmz3%
x—1 Vx—1 x—=1, z—1 z—1 \/z12 1 z51%~
— lim (z=1)(FE+22+2+1) _ [im Z42+z+l _ 1414141 _ 4
21 (z=1)(Z2+z+1) 251 22zl 1+1+1 3

(%il) limit ((x~(1/3)-1)/(x~(1/4)-1) ,x,1);
(%o1) 3
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07. Limita funkcie

Subst. x = z%? 1 . b
ollm“,/}1 = lim —I|mz3%
x—1 Vx—1 x—1 z—-1 z—1 \/z12 1 z—1 %~
— im VS 4z41) o PPzl 1414141 _ 4
21 (z=1)(Z2+z+1) 251 22zl 1+1+1 3

(%i1) 1limit ((x~(1/3)-1)/(x~(1/4)-1) ,x,1);
(%o1) 4

12

Ak pouzijeme substitiiciu x = z*, mozeme limitu zjednodusit.

(%i2) f(x):=(x"(1/3)-1)/(x"(1/4)-1)$
g(z):=subst(z"12,x,f(x))$
’1limit (g(z),z,1); limit(g(z),z,1);

(%o01) |m}?%%ﬁ /* z is positive, z=|z| x/

(%02) %
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07. Limita funkcie

: 5x? L\ _ 5 ; LS 0_ _5 _
o lim (F5+24) = lim 2o+ lim 2% = 25 4+20= 55 +1=6.
3 = 8 In x % 8 = -In x i a a
o lim xmx = lim e = lim emx = lim e? =e? pre aeR.
x—0F x—0F x—0F x—0t

(%i4) 1limit (5*x~2/(x"2-1)+27(1/x) ,x,inf);
limit(x~(a/log(x)) ,x,0,plus);
limit(x~(2/1log(x)) ,x,0,plus);
limit(x~(-2/1og(x)) ,x,0,plus);

(%o01) 6

(%02) e?
(%03) €2
(%04) e2
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07. Limita funkcie

: 5x? L\ _ 5 ; LS 0_ _5 _
o lim (F5+24) = lim 2o+ lim 2% = 25 4+20= 55 +1=6.
3 = 8 In x % 8 = -In x i a a
o lim xmx = lim e = lim emx = lim e? =e? pre aeR.
x—0F x—0F x—0F x—0t

(%i4) 1limit (5*x~2/(x"2-1)+27(1/x) ,x,inf);
limit(x~(a/log(x)) ,x,0,plus);
limit(x~(2/1log(x)) ,x,0,plus);
limit(x~(-2/1og(x)) ,x,0,plus);

(%o01) 6

(%02) e?
(%03) €2
(%04) e2

V poslednom priklade sme vypo¢itali limitu vyrazu 0° (tzv. neuréity vyraz).
Medzi neurcité vyrazy (poc¢itame ich pomocou limit) patria:

000—00, @+00:0, 03 ol oiTOO, oi%, 0 00, 0 0F®, o 1% o (+o0).
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07. Limita funkcie

o lim x(In(x+2)—Inx) = lim x-In*2 = |im In(1+ 2)*=Ine? =2.
X—00 X—00 X X—00
lim Subst. z = tx lim . il < 1
] Ty — = = = —_—
x—0 |“(1+tx) x—0, z—=0 z—0 '“(1+z) 70 z°In(1+2)
=1l |im—L - =1.L _1.1_1getcR t+#0.
t , 0 In(1+z)% t Ine t 1 t P 7&
o lim (232)* = lim (3x+173)¥ _ [Subst.z=3x+1] _ . (= )251
x—o00 \3x+1 x—so0 \ 3x+1 X — 00, Z—%00 z—o00 N Z
=l [(-3]F =[P et =t
- z — e’

Z— 00

(%i3) limit(x*(log(x+2)-log(x)) ,x,inf);
limit(x/log(1+t*x),x,0);
limit (((3*xx-2)/(3*x+1)) "x,x,inf);
(%o01) 2
(%02)

1
t
(%03) e~1
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7. Limita funkcie

Pri vySetrovani funkcie f je dolezité preskimat jej vlastnosti aj v inych ako vlastnych bodoch:
o Pre x — £+.

o V okoli O(a) bodov ac R, pre ktoré plati lim f(x) = <00 alebo lim f(x) = +oc.

x—a~ X—ra
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07. Limita funkcie

Pri vySetrovani funkcie f je dolezité preskimat jej vlastnosti aj v inych ako vlastnych bodoch:
o Pre x — £+.

o V okoli O(a) bodov a€ R, pre ktoré plati lim f(x) = oo alebo lim f(x) = £oo.

x—a~ x—at

Funkcia y = f(x), x€ D(f), bod acR.

o Priamka x = a sa nazyva asymptota bez smernice (vertikalna) grafu f,

ak lim f(x) = 400 alebo lim f(x) = £oo (aspon jedna z limit je nekonecna).
X—ra~— x—rat

o Priamka y = kx + g sa nazyva asymptota so smernicou grafu f,
ak lim [f(x) — (kx +q)] = 0 alebo lim [f(x) — (kx +q)] = 0.

Specialne asymptota y = g sa nazyva horizontalna asymptota,

tj. k=0a lim f(x)=gqalebo lim f(x)=gq.
X—— 00 X—> 00

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05 06 07 08

Priamka y = kx + g je asymptota so smernicou grafu f.

& o Existujd_lim ) — i, lim_[f(x) — kx] = q. k,q€R.

X—

lim fd=(ta) _ iy [M—k—ﬂ]:o. = lim @:k,

X—00 S X—00 2 X

lim [f(x) — (kx + q)] = XILmOO [(f(x) — kx) — q] = 0. = XIme [f(x) — kx] = q.

X—> 00
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07. Limita funkcie

Funkcia y = f(x), x€ D(f), pricom D(f) je neohrani¢end mnozina.

o Priamka y = kx + g je asymptota so smernicou grafu f.

& o Existujd_lim UGS lim_[f(x) — kx] = q. k,q€R.

X

X—> 00 X—r
lim fd=(bta) _ iy [y 9] =g, = lim 9 =
X—00 X—00 X—00
Jim [f(x) = (kx+q)] = Jim [(f(x) —kx) —q] =0. = lim [f(x) — k3] = q.

Funkcia f(x) = 2extl e R,

8x 0
2 1 1 1 1
o k= lim &9 _ |im 2%l iy XCEHsE) lim 2xtiz _ 24040 _ 1
x—+oo x—+oo 8x? x—+oo 8x> x—Foo 3 3 4
- T 224X+l x
° = lim [f(x)—kx]= Iim [&2X—= X
a=lim [F(x)— k= lim [22pd— 5]
2 2
= lim [5x4l 24 — iy = iy [L4 Ll]=1
X—)i()c[ 8X SX] X—)iOC 8 X—)iOO [8 SX] 8

o Priamka y =7 + % je asymptota so smernicou %.
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07. Limita funkcie

(%i10) £(x):=(2*x"2+x+1)/(8*x); km:1limit(f(x)/x,x,minf)$
kp:limit(f(x)/x,x,inf)$
gm:1imit (f(x)-km*x,x,minf)$ gp:1limit (f(x)-kp*x,x,inf)$
dm(x) :=km*x+qm$ dp(x):=kp*x+qp$ dm(x);dp(x);
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5] ,yrange=[-4,4],
color=blue,explicit(f(x),x,-8,0),

explicit (f(x),x,0,8), .
color=red,parametric(0,t,t,-5,5), 3 |
explicit (dm(x),x,-8,8), 1 K -
explicit (dp(x),x,-8,8))$ , =

(%o1) f(x):= 2idxtl )

(%08) -+ 3 . “

(%009) §AF% ?
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o | = (a; b) je uzavrety interval. = o f(/) je uzavrety interval.

o [ nie je uzavrety interval. = o (/) méze byt intervalom [ubovolného typu.

/{\ ; : : !
Js
- : 1 fi
fs
g X
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03. Diferencialny pocet

N3fe N3l

Matematicka analyza podporovana wxMaxima
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01. Derivacia realnej funkcie

Funkcia y = f(x), x € D(f) je spojita.
o Body P = [xp; f(x0)], @ = [x0+Ax; f(xo+Ax)] lezia na grafe f.

f(xo+Ax)—f(x0) .

o Priamka PQ ma smernicu tga = e

o Doty¢nica k f v bode P méa tvar dp: y — f(x0) = tg ¢ - Ax,

kde tgp = yfAff(XO) je jej smernica.
f(xo+Ax)
f(xo+Ax) — f(xo)
f
’ f
gy T P © iy (x0)
d/ Z Ax
0 ) Xo Xo+Ax X
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01. Derivacia realnej funkcie

Funkcia y = f(x), x € D(f) je spojita.
o Body P =[xp; f(x0)], Q = [xo+Ax; f(xo+Ax)] lezia na grafe f.

o Priamka PQ ma smernicu tga = W.
o Doty¢nica k f v bode P méa tvar dp: y — f(x0) = tg ¢ - Ax,

kde tg p = L=f0)

je jej smernica.

Ax
e Q—P.= o Ax—0.
f(xo+Ax)
Mrarirlts) = o) / o X0+ Ax — xp, o f(x0+ Ax) — f(xp)-
y
o p Z ¢y f(x0) o a— ¢, otga—tgp.
d | - Ax o PQ — dp (PQ smeruje k doty¢&nici).
0 ) Xo Xo+Ax X
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01. Derivacia realnej funkcie

Funkcia y = f(x), x € D(f) je spojita.
o Body P =[xp; f(x0)], Q = [xo+Ax; f(xo+Ax)] lezia na grafe f.

f(xo+Ax)—f(x0) .

o Priamka PQ ma smernicu tga = e

o Doty¢nica k f v bode P méa tvar dp: y — f(x0) = tg ¢ - Ax,

kde tgp = yfAff(XO) je jej smernica.
e Q> P.= o Ax—0.
f(xo+Ax)
Mrarirlts) = o) / o X0+ Ax — xp, o f(x0+ Ax) — f(xp)-
E 7 t t
e ——& 7 by —1o) o a—p, o tga—tgep.
d | - Ax o PQ — dp (PQ smeruje k doty¢&nici).
0 ) Xo Xo+Ax X

f(xo+Ax)—f(xo)

@ Dotyc€nica ma smernicu tgp = lim tga = lim & .
a—p Ax—0 £

Geometricky vyznam derivacie funkcie v bode. — Smernica dotycnice.
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01. Derivacia realnej funkcie

Funkcia y = f(x), x€ D(f) ma derivaciu v bode x, € D(f),

oznacenie f'(xp), resp. y'(xo) alebo f'(xg) = %, resp. y'(xo) = dyd(:") pomocou diferenciélov,
ak existuje o lim W — [Bubst-h=xm0) g M = '(x0)-
X—>X0 0 X=X, h—=0 h—0
o f'(x0)€ER. Vlastna (kone¢na
,( 0) , ( )v ; derivacia f v bode xg.
o f'(xg) = oo alebo f'(xp) = —co. Nevlastna (nekoneéna)
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01. Derivacia realnej funkcie

Funkcia y = f(x), x€ D(f) ma derivaciu v bode x, € D(f),

oznacenie f'(xp), resp. y'(xo) alebo f'(xg) = %, resp. y'(xo) = dyd(:") pomocou diferenciélov,
ak existuje o lim W — [Bubst-h=xm0) g M = '(x0)-
X—>X0 0 X=X, h—=0 h—0
o f'(x0)€ER. Vlastna (kone¢na
,( 0) , ( )v ; derivacia f v bode xg.
o f'(xg) = oo alebo f'(xp) = —co. Nevlastna (nekoneéna)

Funkcia y = f(x), x€ D(f), bod x, € D(f).

o Existuje f'(xp) € R (konecnd). = o f je spojita v bode xp.

Spojitost funkcie f v bode xp nezaruduje existenciu f’(xp).

Funkcia f: y = |x| je spojita v bode xo = 0.

o Ale neexistuje f/(0) = Iimo f
X—
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01. Derivacia realnej funkcie

f'(x0) predstavuje geometricky smernicu dotyénice ku grafu f v bode xp.
o '(x0) € R. Dotyénica d: y = f(xp) + f'(x0)(x — x0) so smernicou f’(xp).

o f'(xp) = oo a f je spojitd v bode xg.
Doty¢nica d: x = xp bez smernice (vertikalna).
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01. Derivacia realnej funkcie

f’(x0) predstavuje geometricky smernicu doty&nice ku grafu f v bode xp.
o '(x0) € R. Doty¢nica d: y = f(xo) + f'(x0)(x — x0) so smernicou '(xo).
o f'(xp) = oo a f je spojitd v bode xg.

Doty¢nica d: x = xp bez smernice (vertikalna).

Vypoditame derivaciu funkcie f(x) = In (x + v/x% + 1).

(%i1) f(x):=log(x+sqrt(x~2+1));
(%01) f(x) :=log(x +v/x2 + 1)

(%i3) f_1(x):=diff (£(x),x);f_1(x);
(%02) f_1(x):= 2Zf(x)
( 4
(
(

— dx
At
%03) \/)%er
%i4) ratsimp(£f1(x));

0 Vx2+14+x
404) xV/x2+14x2+1
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V predchidzajiicom priklade sme vypoditali derivaciu /(x) ale nepodarilo sa ndm ju primerane
zjednodusit. Pouzijeme prikaz subst.

(%il) f£(x):=log(x+sqrt(x~2+1));
(%01) f(x) :=log(x +v/x%+ 1)

(%i3) f_1(x):=diff(f(x),x);f_1(x);
(%02) f_Xl(x) = if(x)

( 1

(

+
0, VX241
%03) Vr

%i4) fp:subst(a,sqrt(x~2+1),f1(x));

(fp) i

%i5) ratsimp (fp);

R
(o]
o1
=
=

(
(
(%i6) subst(sqrt(x~2+1) ,a,ratsimp(fp));
(
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01. Derivacia realnej funkcie

Uréime dotyénicu v bode 2 k polkruznici y = v/9 — x2.

(%i8) f(x):=sqrt(9-x~2)$ p(a,b):=(f(b)-f(a))/(b-a)$
s(x,a,b):=p(a,b)*x(x-a)+f(a)$
S:makelist (explicit(s(x,2,-.15+.26%i),x,-3,3),1i,1,20)%
f1(x):=diff (f£(x),x,1)$
d(x):=f(2)+subst (2,x,f1(x))*(x-2)$
print ("Secant d(x)=",d(x)," in point 2 is a blue")$
draw2d(grid=true,xaxis=true,
color=blue,explicit(f(x),x,-3,3),color=red,S,
color=blue,explicit(d(x),x,-3,3),
point_type=7,color=brown, 2N
po ints ([[2 , £ (2)11) s NN d=sat(5)-2x 2)/sat(s)
color=blue,label (["d(x)",-1.5,6]1),
label (["f(x)=sqrt(9-x~2)",-1,2]),

label ([concat ("d(x)=", 6%
string(d(x))),0,101))$ N
Secant d(X) — \/572“7\/%2) in point 2 is a blue T s
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01. Derivacia realnej funkcie

Zostrojime dotyc¢nicu ku grafu funkcie v bode c.

(%i6) c:2$ f(x):=x"2/6+sin(x)$ f1(x):=diff(f(x),x,1)$
d(x):=f(c)+subst(c,x,f1(x))*x(x-c)$
print ("Secant y=d(x)=",d(x)," in point",c)$
draw2d (grid=true ,xaxis=true,xrange=[-4,4],
yrange=[-4,4] ,color=blue,explicit (f(x),x,-4,4),
color=red,explicit(d(x),x,c-2,c+2),
point_type=7,color=brown,points ([[c,f(c)]]),
color=blue,title=concat ("f(x)=",string(£f(x))),
label ([concat ("c=",string(c),",

d(x)=",string(d(x))),0,3.75]1))%

Secant y = d(x) =(cos(2) + 2)(x —2) +sin(2) + 2 in point 2

100~ 15%Sin(x
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02. Diferencial funkcie a derivacie vyssich radov

Najlepsia lokalna linedrna aproximacia.
Funkcia y = f(x), x € D(f) je diferencovatelna v bode xp € D(f).
o Aproximécia funkcie f v okoli O(xp) bodu xo
pomocou dotyc¢nice d: y = f(xo) + f'(x0)(x — x0) = f(x0), x€ O(x0)
je najlepsia zo vSetkych aproximacii pomocou linedrnej funkcie (priamky).
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02. Diferencial funkcie a derivacie vyssich radov

Najlepsia lokalna linedrna aproximacia.
Funkcia y = f(x), x € D(f) je diferencovatelna v bode xp € D(f).

o Aproximécia funkcie f v okoli O(xp) bodu xo
pomocou dotyc¢nice d: y = f(xo) + f'(x0)(x — x0) = f(x0), x€ O(x0)
je najlepsia zo vSetkych aproximacii pomocou linedrnej funkcie (priamky).

Vypocditajte priblizne /1, 06.
o Oznalme f(x) = ¢/x = x¥/®, x >0, xo = 1. o f(x)=1(1)=1.
o f'(x)= [><1/6]’—1 = 6ﬁ’X>0' o f'(x0) =f'(1)=1.

o Nech O(1) je také, ze 1,06€ O(1).
_ = _ x—1 _ 6+x—1 __
= o Ux=Ff(x)=f1)+ (1) (x—1) =145z = 8= = x>
— o V/1.06 = £(1.06) ~ LG5 — 606 _ 1 g7

Presne /1,06 = 1,0097588, chyba vypoctu < 0,00025.
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02. Diferencial funkcie a derivacie vyssich radov

(%i9)

(%08)

c:1.06% f(x):=x"(1/6)% s:1$ f1(x):=diff(f(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))*(x-s)$
h(c):=print("c=",c,’f(c),"=",float(£f(c)),"approx",
subst (c,x,float (p(x))))$ fpprintprec:8% p(x); h(c)$
=149

¢’=1.06 f(1.06) = 1.0097588 approx 1.01
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02. Diferencial funkcie a derivacie vyssich radov

(%i9) c:1.06% f(x):=x"(1/6)% s:1$ f1(x):=diff (£(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))*(x-s)$
h(c):=print("c=",c,’f(c),"=",float(£f(c)),"approx",
subst (c,x,float(p(x))))$ fpprintprec:8% p(x); h(c)$

(%08) % +1
¢’=1.06 (1.06) = 1.0097588 approx 1.01

Premenna fpprintprec:8 nastavi vystup na 8 Cislic.
Aproximaécia funkcie f ma zmysel iba pre x blizko bodu xp.

(%i18) h(.9)$h (1.1)$h(1.2)$h(1.5)$h(2.0)$h (4)$h (9)8h (30)$h (64)$
c=0.9 £(0.9) =0.98259319 approx 0.98333333
c=11 £(1.1)=1.0160119 approx 1.0166667
c=12 f(1.2) =1.0308533 approx 1.0333333
c=15 f(1.5)=1.0699132 approx 1.0833333
c =20 f(2.0)=1.122462 approx 1.1666667
c=4 f(4)=1.259921 approx 1.5
c=9 f(9)=14 422496 approx 2.3333333
c=30 f(30)=1.7627344 approx 5.8333333
c=64 f(64)=2.0 approx 11.5
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02. Diferencial funkcie a derivacie vyssich radov

Vypocditajte priblizne /1,06 (iné riesenie).

o Oznaéme f(x) =v/x+1=(x+ 1)1/6, x> —1, x=0. = o f(x)=17(0)=1.
o f'(x)=[(x+1)Y% = %(X +1)75/6 = e —(>1<+71)5' x>-1. = o f'(x)=1f'(0)= %.

o Nech O(0) je také, ze 0,06 € O(0).
= o V/x+ 1= f(x) =~ f(0)+ f'(0) -
o V/1.06 = £(0.06) ~+ 20046 — ©
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02. Diferencial funkcie a derivacie vyssich radov

Vypocditajte priblizne /1,06 (iné riesenie).

o Oznaéme f(x) =v/x+1=(x+ 1)1/6, x> —1, x=0. = o f(x)=17(0)=1.
o f'(x)=[(x+1)Y% = %(X +1)75/6 = e (>1<+71)5' x>-1. = o f'(x)=1f'(0)= %.

o Nech O(0) je také, ze 0,06 € O(0).
éom:f() F(0)+ F/(0) - (x —0) =1+ % = x£8
o V/1.06 = f(0.06) ~ 200+0 — 896 — 7 0.

Zmenime prvé prikazy c: .06, f£(x) :=(x+1)~(1/6), s:0 v predchadzajiicom priklade.

(%i9) c:.06% f£(x):=(x+1)"(1/6)$ s:08 f1(x):=diff(f(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))*(x-s)$
h(c):=print("c=",c,’f(c),"=",float(£f(c)),"approx",
subst (c,x,float(p(x))))$ fpprintprec:8% p(x); h(c)$

(%08) F+1
c=0.06 f(0.06) =1.0097588 approx 1.01
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02. Diferencial funkcie a derivacie vyssich radov

Vypoclet (", ne N mdze byt vo véeobecnosti velmi pracny.
Funkcia y = xX, x€R, kde ke N.
o [ =k(k—1)---(k—n+1)xk"", xcRpren=1,2,...,k,
[xK" = kxk =1, [XK) = k(k — 1)x*2, [xK]"" = k(k — 1)(k — 2)x*=3, ..., [x¥]®) = k1.
o [x]W =0 xeRpren=k+1,k+2,k+3,...,
[Xk](k+1) — [k!]’ =0, [Xk](k+2) _ [Xk](k+3) — [0]/ =0, ...

(%i9) f(x,k):=x"k;fn(x,k,n):=diff (£f(x,k),x,n)$
fn(x,k,1);fn(x,k,2);fn(x,k,k);
fn(x,5,1);fn(x,5,2);fn(x,5,5);fn(x,5,6);

(%01) f(x, k) := x*

(%03) kxk1

(%04) (k — 1)kx*2

(%05) dd7xk

(%06) 5x*

(%o07) 20x3

(%08) 120

(%09) 0
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03. Aplikacie derivacie funkcie

. x3—8 __
lim = = 12.

f‘, . 2 . J_ . 2
) — im 3 = 12 = o lim £=8 = |im 2 =12
x—2 X— x—2

(]
§

(]
3
w
|
&
|
X =
+3
<
|
X
I
o

(%i9) f(x):=(x"3-8)/(x-2)$
fc(x):=num(£f(x))$ fc(x);fm(x):=denom(f(x))$ fm(x);
’limit (£(x),x,2); limit(f(x),x,2);
’1limit (diff (fc(x),x,1)/diff (fm(x),x,1) ,x,2);
limit (diff (fc(x),x,1)/diff (fm(x),x,1) ,x,2);

(%03) x3—8
(%05) x —2
(%06) lim 5=
(%o07) 12
(%o08) 3 lim x2
(%09) 12
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. Aplikacie derivacie funkcie

. . In x]’ .
o lim "X = [/H=] = [im Ino]” — fim L
x—o0 X x—o0 X X—00 x—o00 X ee

Hxi=
|
3
-
|
-
\
o

(%i4) f(x):=log(x)/x$
fc(x):=num(£f(x))$
fm(x) :=denom (f(x))$
limit (diff (fc(x),x,1)/diff (fm(x),x,1),x,inf);

(%o04) 0O
2 —si i 1—cos x
o lim =31 = [I'HY = lim =%
x—0 3 [ 0] x—0 3x
= [UHY) = lim =G0 — |y sinx
x—0 X x—0 °X
2 1
= ['HY] = lim X = =,
[ 0] x—0 O 6
. & te ™ iiieor It X e X
° x||—>moo e —emx (LHZ] = xll—>m:>o Eh A
— — i ete™ |
*[LHﬁ]*Xhﬁgoﬁ =

L'Hospitalovo pravidlo nemézeme pouzit.
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03. Aplikacie derivacie funkcie

Funkcia y = f(x), x€ D(f), bod xo€ D(f), n € N,

okolie O(xp) C D(f), f'(x0), f"(x0), ..., f(M(x0) ER (kone&né).

Taylorov polyném stupna n funkcie f so stredom v bode xg je definovany ako

n / 1 n n
° T,,(X):kz 0l =) _ f(yg) 4 Flobbem) Ly A0 be) e ().
=0

Pre xo = 0 sa nazyva Maclaurinov polyném

n (K)(0).x 7(0)-x 1700)-x (M (0).x"
° Tn(x):k;)“(f!) C = F(0) 4 HOx 4 1Oy PO 0(0),
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03. Aplikacie derivacie funkcie

Funkcia y = f(x), x€ D(f), bod xo€ D(f), n € N,
okolie O(xp) C D(f), f'(x0), f"(x0), ..., f(M(x0) ER (kone&né).

Taylorov polyném stupna n funkcie f so stredom v bode xg je definovany ako

n n n
° Tn(x)zngf@o) + Lo Cex) Ly A0 e ().
=0

Pre xo = 0 sa nazyva Maclaurinov polyném

n (k) % 7(0)-x 1700)-x (M (0).x"
° T,,(x):k;)f Ox" _ f(g) 4 £Qx 4 O 4y O e 0(0).

Oznaéme h = x — xp, x = xp + h, h€ O(0).
D AR (x). x0)- " (x0)- (n)

o Talxo+h) = > LO0QH _ p(ypy 4 FCabh 4 FCa) iy PN e ).
k=0

ZvySok R,(x) = f(x) — Th(x) vyjadruje chybu aproximéacie f pomocou T,(x).

o Ri(x)= f(n“)(X°+9((f1jr§°)p'(x_x°)n " xe O(xp), kde 6€(0;1). (Lagrangeov tvar.)
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03. Aplikacie derivacie funkcie

Vypocitame Taylorov polyném T,(x) funkcie f(x) = v/x? + 1.
@ Rucné derivovanie je dost pracne.

(%i2) f£(x):=sqrt(x~2+1)$ print("f(x)=", f(x),
"o fo(x)=", diff(£f(x),x),
", £’ (x)=", ratsimp(diff (£(x),x,2)),

", £22°(x)=", ratsimp(diff (£f(x),x,3)))$
(0= VL, 1100 = e, 7(e) = 5, 1700 = el
(%i3) taylor (f(x),x,0,1);
14--.
0i4) taylor (f(x),x,0,2);
(%i4) taylor (£(x) )
145+
(%i5) taylzor(f(x),x,O,B);
i okl
0i6) taylor (£(x),x,0,4);
(%i6) taylor (£(x) )
1+5 —%F+:.--
(%i7) taylzor(f(x),x,OS,18);

X2 x x® _ 5x 70 21X | 33xM  420x1% | 71548
1+ T -8t 1t e 1024 T 2048 32768 T 65536 T
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03. Aplikacie derivacie funkcie

Pocitame Taylorov polyném T,(x) funkcie f(x) = v/x? + 1.

o Polyném tp1l je deviateho stupnia (prakticky 6smeho stupria), preto vystup
prikazu coeff (tpl,x,10)) je Cislo 0.

o Polyném tp2 je desiateho stupna a vystup prikazu coeff (tp2,x,10)) je skutocny
koeficient ¢io = 7/256.

(%il) f£(x):=sqrt(x~2+1)$
(%i2) tpl:taylor(f(x),x,0,9);
(tpl) 1+7—*+R—%+
(%i3) print ("c_3=", coeff(tpl,x,S),
", c_4=",coeff (tpl,x,4),
", ¢c_10=",coeff (tpl,x,10))$
c3=0, c.4=—1, c_10=0
(%i4) tp2: taylor(f(x) X, 00,10)
(2) T+%—%+5% 35+ 50+
(%i5) print("c_3=",coeff (tp2,x,3),
", c_4=",coeff (tp2,x,4),
", c_10=", coeff(tp2,x,10))$

c_3=0, c4——8, @ 10—ﬁ
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03. Aplikacie derivacie funkcie

f(x)=Inx, x€(0;00), xo =1, f(1) =0, neN.

o fx)=L=x71 x>0 o f(1)=1=0

o f@(x)=-x"2 x>0. o FA(1)=-1=-11

o fO)(x)=2x73 x>0 o fO(1)=2-1=2!

o f(x)=-3-2x7% x>0. o f(1)=-3.2-1= -3l
o fR(x)=(-1)kYk—-1)Ixk x>0, k=123 o f(N(1) = (~1)(k —1)!

(%i1) taylor(log(x) x,1, 5) X ;
(2001)x—1— SV € ) =) AT
(ho2 tayloﬂ(log(}‘) S e T SN

%02) x —1

2 3
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03. Aplikacie derivacie funkcie

Niekedy je vyhodnejsie vyjadrit f(x) = Inx v tvare Maclaurinovho polynému.
o f(x)=Inx, x€(0;0), xo = 1.

n =il
Ta(x) = 3 E =Dy c0(1), ne N.
k=1

o x=t+1 f(x)=Ff(t+1)=In(t+1), te(—1; ).

+ :
To(x) = Ta(t +1) = z EDTREam)t s CDRE e 0(1), t€ 0(0), n € N,
k=1 k=1
e Maclaurinov polyném funkcie f(x) = In (x + 1) stupna n € N
o2 X3 X4 (-1)"~ 1yn n (71)k—lxk
el == p = oo it = 5 2 O
k=1

(%i1) taylor(log(x+12 XGO 8)

Ghel)) = — g
(%i2) taylor(log(x) x,1,8);
( )?
(
(

%02) x —1— (x Ly 31 . X41) + (><—51)5 _ (><—61)6 " (x—71)7 _ (x_81)8 .

%i3 it 1 1 +1), 1, 8
ooI ) I aYQOriffg((}i—l)g X(x 1)° )t (=1 | (x=1)°  (x=1)° | (x=1)" (x=1)°
%03) log (2) + 5 s T m e 1t 1m0 3 tse  ooas T
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03. Aplikacie derivacie funkcie

Funkcie y = €X, y =sinx, y = cos x mdzeme pomocou Maclaurinovho polynému
aproximovat pre vSetky x € R. Potrebnl presnost dosiahneme dostatoéne velkym stupnom n.

o f(x)=¢e" xeR. .. "
Tn(x):1+ﬁ+%+%+%+-~-+x—lzzx—, xeR, neN.

o f(x)=sinx, xeR. e ot B o

Torp(x) =0+ % +0+ 3 +0+ 5 +---+ %:;%,xe/z nen.

o f(x)=cosx, xeR K o
o —x2? I (71)k)<2k . (71)/)(2;
Tok(x) =1+0+F-+0+ 5 +0+ -+ G =2 Gy XER, neN.

(2K)! Z @0n!
%il) taylor(exp(x) 1 X O 10) ;
0, X6 X7 XS )(9 X10
7%01) 14 x + + +5 24 120 720 + 5040 T 20320 T 362880 T 3628800 T

(
(
(%i2) taylor(31n(x) x,0, 10);
(%02) x — % +W_M"F%zsso"k
(%i3) taylor(cos(x) x,0, 10)
(

X
720 + 2030 — 3628800 +-

%03) 1—% + 57 —
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03. Aplikacie derivacie funkcie

Najdeme Maclaurinov polyném stupria n € N funkcie f(x) = e(Xz), x€eR.
o Ak oznatime g(t) = ef, teR, t = x2, potom f(x) = e**) = g(x?) = g(t) = ¢, t > 0.

o Pre Maclaurinov polyném P,(t) funkcie g(t), t > 0 a Maclaurinov polyném T,,(x)
funkcie f(x), x € R plati

n : n

«2)i n . 20
= %:Z%T L+ 5+ 5+ 5+ = Tanlx).
Maclaurinov polyném stupnia 2n funkcie f(x) = e(Xz), x € R ma tvar

nX2i X2 X4 XG
° Tg,,(x):‘ OT:1+ﬂ+§+ﬁ+”'+
1=

x € R.

“nl

(%i1) taylor(exp(x 2) x,0, 10);
(%ol) L+x2+5 45 42 420
(%i3) subst(x 2 t taylor(exp(t) t,0,5));
subst(x 2,t, taylor(exp(t) t,0,10));
0,
(%02) 12020+ BTy RS T e
(%03) 3628800+362880+40320+5o40+ﬁ+ﬁo+ﬂ+?+7+x +1
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04. Vysetrovanie priebehu funkcie

Dolezitou sucastou vysetrovania priebehu funkcie je uréenie intervalov, na ktorych je tato

funkcia monoténna.

Funkcia f jenal o

ER(
rastdca. < pre vietky x €/ plati o f'(x) > 0.
klesajica. < e f'(x) <0.
neklesajlica. < o f'(x) >0.
nerastica. < e f'(x) <0.
konstantna. < o f'(x)=0.
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04. Vysetrovanie priebehu funkcie

Dolezitou sucastou vysetrovania priebehu funkcie je uréenie intervalov, na ktorych je tato
funkcia monoténna.

€R (koneéna).
Funkcia f je na | e rastdca. < pre vietky x €/ plati o f'(x) > 0.
o klesajica. <« e f'(x) <0.
o neklesajlca. < o f'(x) >0.
@ nerastica. < o f'(x) <0.
o konstantnad. & o f'(x)=0.

v
Nutna podmienka existencie lokalneho extrému.

Funkcia y = f(x), x€ D(f), xo € D(f) je vnitorny bod D(f), existuje '(xo).

o Funkcia f ma v bode xg lokélny extrém. = o f/(x) = 0.

o Funkcia f m6ze mat lokalny extrém aj v bode, kde derivacia neexistuje.

o f'(x0) = 0 nezarucuje existenciu lokalneho extrému funkcie f v bode xo € D(f).
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04. Vysetrovanie priebehu funkcie

Funkcia f je spojita na intervale /, pre vetky x €/ existuje f'(x) € R (kone¢na).

f je nal o konvexna. & f’ jena | e neklesajica.
o konkavna. & e nerastlca.
@ ostro konvexna. < @ rastlca.
@ ostro konkavna. < o klesajlca.

Funkcia f je spojitd na intervale /, pre vsetky x €/ existuje f”(x) € R (kone¢na).

f jenal o konvexna. < pre vietky x €/ plati o f”(x) > 0.
o konkavna. & o f"(x) <O0.
o ostro konvexna. <& o (x) > 0.
e ostro konkdvna. < o '(x) <0.

Pri vySetrovani konvexnosti a konkavnosti funkcie f musime preskimat:

o Vsetky body x € D(f), kde je funkcia f spojitd a pre ktoré existuje f”(x) = 0.
o Vsetky body x € D(f), kde je funkcia f spojitd a v ktorych f”(x) neexistuje.
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04. Vysetrovanie priebehu funkcie

Predchadzajiice vysledky mézeme zovseobecnit.

y = f(x), x€ D(f), bod xo € D(f), n€N.
f(x0) = f"(x0) = -+ = F"D(x0) = 0, £ (x0) # 0.

—~~

n

o n=2k—1, f("(x) > 0. = o f je rastiica v bode xp. f(xo) nie je
ke N (nepérne). { f("(x) < 0. = o f je klesajiica v bode xo. } extrém.
o n=2k f(")(x) > 0. = o f(xp) je ostré lokalne minimum.
keN (pérne). { f(")(x) < 0. = o f(xp) je ostré lokalne maximum.

y = f(x), xeD(f), bod xo € D(f), ne N.

f'(x0)ER, f(x0) = --- = F"D(x) = 0, F(N(x) # 0.
e n=2k+1, ke N o xg je inflexny bod funkcie f.
(nepéarne) .

(parne).

o n=2k keN { o f("W(xp) > 0. = o f je ostro konvexna v bode xo.
o f("W(xp) < 0. = o f je ostro konkavna v bode xg.

\
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05. Priebeh funkcie

Vysetrit priebeh funkcie f znamena urdit:

Defini¢ny obor D(f), body a intervaly spojitosti a nespojitosti.

Parnost, neparnost, periodicita, pripadne iné Specialne vlastnosti.

Jednostranné limity v bodoch nespojitosti, hrani¢nych bodoch a v bodoch +oo.
Nulové body, intervaly, na ktorych je f kladna a zaporna.

', stacionarne body, lokalne a glob3lne extrémy, intervaly, na ktorych f rastie, kles3 a je
konstantna.

f”, inflexné body, intervaly, na ktorych je f konvexna a konkavna.
Asymptoty bez smernice a asymptoty so smernicou.

Obor hodnét H(f) a nacrtndt graf funkcie.

Graf ndm zvycajne poskytne najnazornejsiu predstavu o priebehu funkcie. Pri jeho
konstrukcii vyuzivame vsetky zistené Gdaje.

Mnohokrat st ale nedostatoéné, preto ich musime dopinit vhodne zvolenymi funkénymi
hodnotami.
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05. Priebeh funkcie

Priebeh funkcie f(x) = 8652 — 816,

x2 x2

(%i1l) f(x):=(8*x-16)/x"2;
(%ol) f(x):= 78);16

o D(f)=R— {0} = (—00;0)U(0; ).
Pomocou prikazu denom (denominator) zistime, kedy je menovatel nulovy.

(%i3) fm:denom(f(x));solve(fm=0,x);
(fm)  x?
(%03) [x =0]

o f nie je periodickd, f nie je parna, f nie je neparna.

o f je spojita na intervaloch (—o0;0), (0; c0), je nespojitd v bode 0.
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05. Priebeh funkcie

e lim f(x)= lim 8518 Jim (8- -8 _L_0g_0=
x— 00 ( ) x—doo X x—+00 (X ) +oo

(%i5) 1limit (£f(x),x,minf);limit(£f(x),x,inf);

(%04) 0O
(%05) 0
. . 8(x—2 — . . 8(x—2 =
o [fim f(x)= lim %32 = ¢ = oo, lim f(x) = lim H7H = 5 = —oco.

(%i7) 1limit (£(x),x,0,minus);limit(£f(x),x,0,plus);
(%06) —o0
(%07) —oo

o Bod x = 0 je neodstranitelny bod nespojitosti Il. typu.

o x =0 je asymptota bez smernice.
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05. Priebeh funkcie

o f(X)=8312=-0.8x-16=0. & x=2.

x2

Prikazom num (numerator) zistime, kedy je Citatel nulovy.

(%i9) fc:num(f(x));solve(fc=0,x);
(fc) 8x—16
(%09) [x =2]

o f(2)=0. o f nie je definovana v bode x = 0.
o Funkcia f nemeni znamienko na intervaloch (—oc;0), (0;2), (2; 00).

e Stadi vybrat lubovolné body z danych intervalov a overit ich hodnoty (napr. —1, 1, 3).
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05. Priebeh funkcie

o —1le(—00;0), f(—1)=-24<0. = o f(x) <0 pre x€(—o0;0).
o 1€(0;2), f(1)=-8<0. = o f(x) <0 pre xe(0;2).
o 3€(200), f(3)=%>0. = o f(x) >0 pre x€(2; ).

2
A f’(X) _ [8)()(—216]’ _ 8x’ *(8;4716)2x _ 32X><_48X2 _ 32X—38x, XGR, % 7£ 0.

(%i15) f£1(x):=diff (£(x),x,1)$
ratsimp (£1(x));
(%o15) —8x532

o fli(x)=3F =032-8x=0 & x=4

x3

(%i16) solve (£f1(x)=0,x);
(%016) [x = 4]
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05. Priebeh funkcie

o f’ je nespojitd v bode 0.

(%i18) fim:denom(ratsimp(£f1(x)));solve(fim=0,x);
(fim) x3
(%018) [x = 0]

o f'(4)=0. o f’ nie je definovana v bode x = 0.
o Funkcia ' nemeni znamienko na intervaloch (—o0;0), (0;4), (4; 00).

o Stadf vybrat lubovolné body z danych intervalov a overit ich hodnoty (napr. —1, 1, 5).

(%i22) subst(4,x,f1(x));
subst (-1,x,f1(x));subst(1,x,f1(x));subst(5,x,f1(x));

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04 05

05. Priebeh funkcie

o —1le(—o0;0), f'(—1) =—-40<0. = o f/(x) <0, f je klesajica pre x € (—00;0).
o 1€(0;4), f'(1)=24>0. = o f/(x) >0, f je rastiica pre x€(0; 4).

o 5€(400), f'(5) = -3 <O0. = o f'(x) <0, f je klesajdca pre x € (4; c0).

o f ma lokalne maximum v bode x = 4 a tiez globdlne maximum f(4) = 1.

(%i23) £ (4);
(%023) 1

o f nema lokalne a ani globalne minimum.

32-8x7/ _ —8x—(32—-8x)3x*> _ 16x—96x> __ 16x—96
] f//(X):[ X3X] — (X5 ) — XX6 LS );4 YxEva#O

(%i25) £2(x) :=diff (£f(x),x,2)$ ratsimp(f2(x));
(%025) 10x%6
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o f(x)=1252 -0 & 16x — 96 =0. < x = 6.

(%i26) solve (£2(x)=0,x);
(%026) [x = 6]

o f” je nespojitd v bode 0.

(%i28) f2m:denom (ratsimp (£2(x)));solve (f2m=0,x);
(2m) x*
(%028) [x = 0]

o f"(6)=0. o f” nie je definovana v bode x = 0.
o Funkcia " nemeni znamienko na intervaloch (—oc;0), (0;6), (6; c0).

e Stadi vybrat lubovolné body z danych intervalov a overit ich hodnoty (napr. —1, 1, 7).
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(%i32) subst(6,x,f2(x));
subst (-1,x,f2(x));subst(1,x,f2(x));subst(7,x,f2(x));

(%029) 0

(%030) 112

(%031) —

(%032) 5 401

o —le(—o0;0), f"(-1)=-112<0. = o f’(x) <0, f je konkdvna pre x € (—o0; 0).
o 1€(0;6), f”(1) =—80 < 0. = o f"(x) <0, f je konkavna pre x € (0;6).

o 7€(6;00), f"(7) = 5z > 0. = o f"(x) >0, f je konvexna pre x € (6; 00).

o x = 6 je inflexny bod funkcie f.

(%i33) £ (6);
(%033) &
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o y=kx+q=0-x+0=0, t.j. y =0 je asymptota so smernicou (horizontélna).

(%i35) km:1limit (f(x)/x,x,minf);
qm:limit (f(x)-km*x,x,minf);

(km) O

(gm) 0

(%i37) kp:1limit (£(x)/x,x,inf);
gp:limit (£f(x)-kp*x,x,inf);

(kp) O

(ap) O
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(%i38) draw2d (grid=true,xaxis=true,yaxis=true,
xrange=[-12,12] ,yrange=[-8,3] ,title="f(x)=8(x-2)/x"2",
color=blue,explicit (f(x),x,0,4),
color=red,explicit(f(x),x,-12,0),explicit(f(x),x,4,12),
label (["Inflex Point",6,f(6)-.4],

["Local Max",4,f(4)+.4]),
color=green, =802
parametric(0,t,t,-8,3),
parametric(t,0,t,-12,12), 2 ——
color=black,point_type=7, S e ——
points ([[4,f(4)], 0 ¢
[6,£(6)], ,/
[2,£(2)]11))$ * \\\ (
\
4 \ ‘I
-6
\
" \
10 5 0 5 10
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N3fe N3l

Matematicka analyza podporovana wxMaxima
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01. Zakladné pojmy

Vsetky primitivne funkcie k danej funkcii f(x), x € I na intervale / sa liia od seba konstantou
a tvoria mnozinu {F(x) + ¢, c € R}, priéom F je lubovolnd primitivna funkcia.
Tato mnozina sa nazyva neurcity integral funkcie f na intervale / a oznacuje sa

° /f(x)dx:{F(x)+c,x€I,cGR}:F(x)+c,x€/, ceR.

f(x), x € I je spojita na intervale /.

= o Existuje /f(x)dx.

Na integrovanie sa pouziva prikaz integrate.

(%il) ’integrate (1/(1+x72) ,x)

(%o1) /Xz—l+1 dx
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01. Zakladné pojmy

(%i1) f(x):=1/(1-x"2);
(%ol) =5
(%02) Iog)(;Jrl) _ Iog(;fl)

integrate (f(x),x);

@ Derivovanie a integrovanie st inverzné operacie na intervale /.

Funkcia F je primitivna k funkcii f na intervale /, c € R.

Pre vsetky x € [ plati:

. {/f(x)dx}lz [F(x)—l—c}/:

integrate (1/(1+x72) ,x);
atan x

diff (%,x);
1
x2+1
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01. Zakladné pojmy

sin x sin x

° /tgxdx:/i’%(dx:—/‘Ci"xxdx:—/%dx:—In\cosx|+c,

x€R—{Z+kr, ke Z}, ceR.

° /cotgxdx:/mdx:/mdx:In|sinx|+c,xeR—{kw, ke Z}, ceR.

Baq 8
o/\5/x3dx:/x%dx:§5++1—i—c:%—&—c:gx%—i—c:gvsxi*—i—c,xzo,ceR.
5 5

(%il) integrate (cot(x),x);
(%o1) log (sinx)

(%i2) integrate (tan(x),x);
(%02) log (secx)

(%i3) trigsimp (%) ;
(%03) — log (cos x)
(%i4) integrate ((x73)7(1/5) ,x);
(%od) 52
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01. Zakladné pojmy

/xdx:X;—kc:%—i-c:X‘;l—kc pre x > 0,

/(—x)dx:—/xdx:—%z—&—c:@—i—c:%—&—c pre x < 0.

o/\x\dxz%+c,xER,c€R.

(%i1) integrate (abs(x),x);
(%o1)

=ln|x+vVx2—1|+c¢c, x €( —1)U(1; c0). tabulkovy integral).
e =1n 1] ) U (1;00) ( y integral)

(%il) integrate(1/sqrt(x~2-1),x);

(%01) log (2v/x%2 — 1 + 2x)
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02. Met6dy integrovania

S =Ih(x+vVx2+1)+c xeR. (tabulkovy integrél).

(%il) integrate (1/sqrt(x~2+1),x);
(%o01) asinh x

o Oba vysledky st spravne, pretoze argument sinus hyperbolicky je definovany ako
y = argsinh x = In (x + VX2 + 1), x € R (pozri elementarne funkcie).

Metoda rozkladu.

. |a| +|b| > 0.

= aF + bG je primitivna k funkcii af + bg na intervale | a plati:

° /[af(x) + bg(x)] dx = a/f(x)dx—|— b/g(x)dx = aF(x)+ bG(x)+c, x€l, ceR.

o V praxi pieme priamo /[af(x) + bg(x)] dx = aF(x) 4+ bG(x) + ¢
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02. Metody integrovania

dx _ sin” x4cos” x _ 1 _
O /sinzxc052>< - /5|n2><c052>< dx = /|:coszx + sm2 :| dx = tgx —cotgx +c,

XER,X#%”,kGZ,CER.

° /@dx:/@dx:/{x72+ﬂdx:’§72x+|n|x\+c,xeRf{O},CGR.

° /[2cosx+x3+xz—il} dx:2sinx+§+3arctgx+c,x€ R, c€R.

%il) integrate (1/(sin(x) 2*cos(x)~2),x);
%ol) tanx — -

(7
(
(%i2) integrate ((x-1)"2/%x,x);
(
(
(

%02) log x 4+ *5*% 74X
%i3) 1ntegrate(2*cos(x)+x“3+3/(x“2+1),x);
%03) 25inx—|—3atanx—&—)‘74
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02. Met6dy integrovania

Metoda per partes.

Funkcie u, v maji spojité derivacie v/, v/ na intervale /.

= o /u(x) V/(x) dx = u(x) v(x) —/u'(x) v(x)dx, x € I.

o [uv] =vv+u/. = o uv:/[uv]’:/u’v+/uv’.:> ° /uv’:uvf/u’v.

o Metddu per partes mézeme pouzit niekolkokrat za sebou, ale musime davat pozor, aby
sme sa opatovnym pouzitim nevratili k pévodnému integralu.

o Metdda per partes sa pouziva pomerne Casto. Je vhodna na integrovanie funkcii
P(x)e™, P(x)cosax, P(x)sinax, P(x)InQ(x), P(x)arctgQ(x),
kde P(x), Q(x) st realne polynémy, a € R, a # 0.

=
° /Inxdx: {U, "X
vi=1

u=1

;} :Xlnx—/dX:XInx—X+c,XG(O;oo),CGR.

v =
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02. Metody integrovania

u'=1
° /arctgxdx = {
v =arctgx

' 0 u =X
° /xsmxdx: { .
V' =SsIn X

u =x
° /xcosxdx: [ ,
V' =COSs X

1+x2

u =X
O } :xarctgx—/lexx2 = xarctg x —
v =

1

2

0+4+2x dX

/

1+x2

:xarctgx7%|n|1+xz| +c=xarctgx —Inv1+x2+ ¢, x €R,

u=1

vV = —COsXx

u=1

v =sinx

] = fxcosx+/cosxdx = —XCoS X + sinx + c,

x € R,

] :xsinx—/sinxdx:xsinx—|—cosx+c,xe R,

c €R.

c €R.

cE€R.

(%il)
(u)

u:x; v:integrate(cos(x),x);
X

sin x

u*v-integrate (v,x) ;

X sin x + cos x

integrate (x*cos(x) ,x);

X sin x + cos x
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02. Metody integrovania

u'=nx"t n ax n—1 ox n ax
=x"e—n[x""teXdx =x"e*—nl,_1, n € N.

° /,,:/X”exdx: {u/:x):’ 5
v =¢ v =€
= o Ioz/xoexdx:/exdx:e’urc,
0 h =xe&—lly=xe*—e*+c,
o h=x?e¥-2llh =x?e*-2[xeX —e| + c =x?eX —2xe* +2e* +c,

o I3 =x3eX -3/, = x3 e~ —3[X2ex —2x eX +2ex} +c=x3eX —3x%2eX +6xeX —6eX +c.

(%il1) I(n,x):=integrate(x " n*xexp(x),x)$
I(0,x); I(1,x); I(2,x); I(3,x); I(4,x); I(5,x);

(%02) e*

(%03) (x —1)e*

(%04) (x? —2x +2) e~

(%05) (x3 —3x2 + 6x — 6) &

(%06) (x* — 4x3 + 12x% — 24x + 24) X

(%07) (x5 — 5x* 4+ 20x3 — 60x% — 120x + 120) &
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02. Met6dy integrovania

Metoda substitucie.

Funkcia F je primitivna k funkcii  na intervale /,

x = (t) ma derivaciu na intervale J, o(J) C I.
= F(¢(t)) je primitivna k funkcii f(¢(t)) - ¢'(t) na J a plat:

° /f(so(f)) /() dt = /f(X)dx: F(x)+c=F(p(t)) +c ted cer.

I, J st intervaly, x = p(t) : J — | ma derivaciu ¢'(t) # 0 na J,
funkcia F(t) je primitivna k f(¢(t)) - ¢'(t) na J.

= F(¢7!(x)) je primitivna k funkcii f(x) na intervale / a platf:

o /f(x)dx _ /f(go(t)) P (t)dt = F(t) + ¢ = F(p~(x)) - c. x € I, c € R.

o V prvom pripade nemusime pouzit inverzn( substitdciu,

ale v druhom pripade musime pouzit inverznd substitticiu t = ¢~ 1(x).
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02. Met6dy integrovania

(]

. Subst. x =sint
/sm3tcostdt:{ ubst. X =i

(x)
A

teR 3 Sl smt
11>} / dx =57 +c= +c, teR, ceR.

dx = costdt | xe(—
_ [Subst. t=F(x)] _ [dt _ —
7{ dt:f’(x)dx}i ¢ =Inft|+c=In[f(x)[+c, x€D(f), ceR.

X

/%dt: {S“bSt'X:f(t)] = [& =In|x|+c=In|f(t)|+c, t € D(f), cER.

[ Subst. t = x3

dx = f'(t)dt

[Subst. t=x3+1|x€R dt 1 1
=3zInft[+c=3In|x 1 c,xER, ceR.
dt = 3x2dx teR} 3 It + | i “_ < <
[ Subst. t = x3

dt = 3x%dx

x€R] _ 1[4 _1 _ 1 3
teR]_g/tQH—§arctgt+c—§arctgx +c,xeR, ceR.

x€R—{x1}] _ 1 [ dt _ 1 1 1y [xX=1
teR,{ﬂ}]—i A =3 3| +c= '”’X3+1

x€R—{£1l}, ce R

dt = 3x%dx
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02. Met6dy integrovania

o [e5xdx — Subst. 5x =t
5dx = dt

x€R
teR

:/et%:%/etdt:éet+c:%e5x+c,x€R,ceR.

Vykonat substitlciu t vo wxMaxima znamena:

@ Zvolime substiticiu a pouzijeme diff na vytvorenie rozdielu dt

(oznalenie del(t)), potom vyjadrime dx pomocou dt pouzitim prikazu solve.

e Vyjadrime vysledok rovnice pomocou %[1] a nahradime del(x) pomocou del(t)
v integrande.

o Pouzijeme subst na transformaciu celého integrandu s premennou t a potom vypocitame
integral nezabidajic na to, Ze sa ocakava iba koeficient del(t).

o Do vysledného integralu dosadime za t hodnotu x.
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02. Metody integrovania

INTEGRAND : (%e~ (5xx))*diff (x);

e>* del(x)

solve (diff (t)=diff (5%x) ,del(x));
[del(x) = 2]

HhI1T;
del(t
del(x) = )
subst (rhs (%) ,del (x), INTEGRAND)$ subst (t,5%x,%);
e’ del(t)
5

integrate (coeff (%,del(t)),t);

et

5
subst (5%x,u,%);

eSx

5
integrate (e~ (5%x) ,x);

&5

5
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02. Metody integrovania

s | Subst. t=Inx
O/XdX—|: dt:dTX

teR

XG(O;QO):|

1
u'== 2

* | =Inx— [Inxdx.
v =Inx X

(Rovnica s integrdlom ako nezndmym parametrom.)

:>2/“‘—de:|nzx+2c.:> ° /'%‘dx: x4 ¢, x>0, ceR.

X

f(x) ma na intervale / primitivnu funkciu F(x), redlne &islo a,b € R, a # 0.

o /f(at+b)dt: {S“bSt'X:"’”ﬂ :/LX)C‘X = P | o Flatib) 4 o

dx = adt &l &l

. /f(t—i—b)dt: [ e :/f(x)dx: F(x)+c=F(t+b)+cprea=1.

. /f(—t)dt _ [Subs(;c).(xz:_;” = _/f(x)dx =—F(x)+c=—F(—t)+cprea=—1.
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05. Urcity integral

N3fe N3l

Matematicka analyza podporovana wxMaxima
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01. Zakladné pojmy

e Pri vySetrovani riemannovsky integrovatelnej funkcie f na (a; b), nepotrebujeme kazdé
delenie DE€D,p).
Sta&i sa obmedzit na normalne postupnosti deleni {Dy},>, C D(a;pby, t-j. pre ktoré plati
klim w(Dy) = 0.
—00

Potom pre kazdi volbu bodov T plati
b

k|i_>m0057‘(lc7 Dk):/f(x)dx

a
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01. Zakladné pojmy

e Pri vySetrovani riemannovsky integrovatelnej funkcie f na (a; b), nepotrebujeme kazdé
delenie DE€D,p).
Sta&i sa obmedzit na normalne postupnosti deleni {Dy},>, C D(a;pby, t-j. pre ktoré plati
klim w(Dy) = 0.
—00

Potom pre kazdi volbu bodov T plati
b

k|i_>m0057‘(lc7 Dk):/f(x)dx

a

y f(t)=yni=12,..., k

K K ko
St(f, D) = ) f(t;) - Axi = 2= =1 SH(f,Di) = 3o M- Axi = 37 5 = G2

i=1 i=1 i=1 i=!

i1
xdx _ 1 (a1
./oT = ; (dalsia strana).
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01. Zakladné pojmy

1
/o% =1 Funkcia f(x) = %, x € (0; 1) je rastica, spojita, f € R.1).
o Normalna postupnost delenf {Dk}iozl C D(o,1), pricom Dy = {i}f;o pre k € N.
o Prei=12,... kplati Ax; =%, mi = f(xi_1) = 52, Mi = f(x;) = %
k k. (0+k—1)k
_ k— —_— _
SD(vak):Zmi'AXi:Zl'Tl'% o+1+2k§( 1) _ % :%:%—ﬁ-
i=1 =
- N T T T e R
Sh(f, Dk)=Zf1M,--Ax,-=Zlﬁ~;=% =% =it
= i=
1
= X = lim Sp(f,Dx) = lim Sy(f,Dx) = lim (3 4+ %) =1
° 0 2 kl~>moo D( k) ki)moo H( k) kL)moo (4 4k) 4
o zvolme T = {t,-};;l ako stredy intervalov <X"—.1; Xi), i=1, 2 s
tj. t=3(2 +5) =241, potom f(t;)) = 22 a plati
k k. (14+2k—1)k
_ k— (=1
Sr(f, Do) =Y f(ty)-Dx =Y, 222 2 =180l — 7 1
i=1 i=1

k—o0 k— o0

1
- °/o%: lim Sr(f,Dx) = lim =1
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02. Zakladné vlastnosti

o Geometricky predstavuje Riemannov urcity integral na intervale (a; b) plochu krivoéiareho
lichobeznika uréent funkciou f a intervalom (a; b).

Pod osou x (t.j. pre f zdporné) je tato oblast zaporna.

y b y b f y
f
/Ef(x)dx<0 m /af(X)dX /{ N
a b x | [ x . X
a \9/ b :
L\—/Lf /3f(x)dx>0
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02. Zakladné vlastnosti
o Geometricky predstavuje Riemannov urcity integral na intervale (a; b) plochu krivoéiareho

lichobeznika uréent funkciou f a intervalom (a; b).

Pod osou x (t.j. pre f zdporné) je tato oblast zaporna.

g m /;(x)dx /{f g

Funkcie f, g € R,p), Cislo c € R.

= cf,f +g,|f|, 3 fg € Risby a plati:

° /cf )dx = c/f ° /ab[f(x) +g(x)] dx = /;‘(x)dx 4 /abg(x)dx.

Ak inf {g(x),x € (a; b)} > 0, resp. sup {g(x),x € (a; b)} < 0, potom aj é,é € Riap)-
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02. Zakladné vlastnosti

Funkcie f, g € Riap).

b
o f(x) >0 pre vietky x € (a;b). = o /f(x)dXZO.

o g(x) > f(x) pre vietky x € (a;b). = o /g(x) dx > /f(x) dx.

v

Additivnost integralu.

Funkcia f € R;, | C R je ohraniceny interval, body a, b, ¢ € I sii [ubovolné.

= o /a[;f(x)dx:/a(;‘(x)dx+/clj’(x)dx.

Y -k YLk L= fe e

a
—

f T

—

A

IR

b<a<c b<c<a c<a<b

Aditivnost Riemannovho integralu mézeme ilustrovat na vektoroch.
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03. Metody integrovania

Vypocéet Riemannovho integralu (Newton-Leibnizov vzorec).

Funkcia f € Ry,.py, funkcia F je primitivna k funkcii f na (a; b).

= o /;‘(x)dx — F(b) — F(a) = [F(X)K_

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

01 02 03 04

03. Metody integrovania

Vypocéet Riemannovho integralu (Newton-Leibnizov vzorec).

Funkcia f € Ry,.py, funkcia F je primitivna k funkcii f na (a; b).

= o /;‘(x)dx — F(b) — F(a) = [F(X)E_

(%il) integrate(f(x),x,-1,1);

1
(%o1) /_f(x)dx

1
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03. Metody integrovania

(%i2) f£(x):=x"2$ F:integrate(f(x),x);
X3

® %

(%i3) integrate (f(x),x,-1,1);

(%03) %

(%i4) subst(1,x,F)-subst(-1,x,F);

(%o04) %

(%i5) float (subst(l,x,F)-subst(-1,x,F));

(%05) 0.6666666666666666

(%i6) float(integrate(f(x),x,-1,1));

(%06) 0.6666666666666666

(%i7) bfloat (integrate(f(x),x,-1,1));

(%07) 6.666666666666667b — 1
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03. Metody integrovania

(%i2) f(x):=cos(x)*sin(x)$ F:integrate(f(x),x);
;) —=
%i3) integrate (f(x),x,1,2);

0 cos 12 __ cos 22
%03) 25— — ==

(

(

(%i4) subst(2,x,F)-subst(1l,x,F);
(%os) wsii _ cos2®
(%i5) float(integrate(f(x),x,1,2));

(%05) 0.05937419607911741

(%i6) float (subst(2,x,F)-subst(l,x,F));
(%06) 0.05937419607911741

(%i7) bfloat (subst(2,x,F)-subst(1l,x,F));
(

%o7) 5.937419607911738b — 2
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03. Metody integrovania

1 1
o/%z{mx@ —Ihl-In1=0 (?17).
1 -1

o Funkcia + nie je definovana v bode 0.

X=X =

o Funkcia < nie je ohrani¢end na intervaloch (—1;0) a (0; 1).

o V tomto zmysle integral nemozeme vypocitat.

(%i2) f£(x):=1/x$ F:integrate(f(x),x);

(F) —logx

(%i3) integrate (f(x),x,-1,1);
Principal Value

(%03) 0

(%i4) subst(l,x,F)-subst(-1,x,F);

(%04) —log(—1)
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03. Metody integrovania

o Urcité integraly sa vo vSeobecnosti pocitajd pomocou neurcitych integralov.

o Metddu per partes a substitu¢né metédy mo6zeme upravit a priamo pomocou nich
vypocitat urcity integral.

Po substiticii sa nemusime vracat k pévodnym premennym.

Metoda per partes.

u ', v,v' € Rigpy. = o /bu(x) v/(x)dx = {u(x) V(X)}b - /abu’(x) v(x)dx.

a a

27 a - o 27
/ x?sinxdx = {”,*X e ] = [—x2cosx} +/ 2x cos x dx
v 0
0 0

=sinx |v =—cosx
u=2x |u=2 27 2
o e ]Z{—4W2-1+02-1}+[2xsinx} —/ 2 sin x dx
Vi =COSX |V =sInx 0 0

—4w2+[4w-0—2-0-o} — {—2COSXK7T:—47T2— {—2-1+2~1} e
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03. Metédy integrovania

Metdda substitucie.

f je spojitd na /, ¢’ je spojita na J, p(J) C I,

I je interval s hranicami a, b, J je interval s hranicami «, 8, p(a) = a, p(8) = b.
b

B
= f(p)¢’ € Ry aplati o /f(x) dx = / fle(t)]¢(t)dt. (MbZeme pouzit oboma smermi.)

a
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03. Metédy integrovania

Metdda substitucie.

f je spojitd na /, ¢’ je spojita na J, p(J) C I,
| je interval s hranicami a, b, J je interval s hranicami a, 8, p(a) = a, p(5) = b.

b B
= f(p)¢’ € Ry aplati o /f(x) dx = / fle(t)]¢(t)dt. (MbZeme pouzit oboma smermi.)

mdx Subst. x =sint xE( 1;1) 1=sin% V1—x2=1/1—sin®t = Vcos? t = |cos t| = cost
dx =costdt |t € (-%;F) | -1=sin(-3) cost > 0 pre vietky t € (=5 5
% 2 %1+cos2t 1 % 1 sin 2t %
:/Wcos tdt:/ﬂfdt:5/”[1—&-cos2t]dt“:E{t—i—T}_E
-7 -7 -2 2
_ 1|z sin s sin (—) _ 1|z IS _ 1 T
—§[§+ 2 _(_§+T)} —5[5+0—(—§+0)} =3 T=73
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03. Metédy integrovania

Metdda substitucie.

f je spojitd na /, ¢’ je spojita na J, p(J) C I,
| je interval s hranicami a, b, J je interval s hranicami a, 8, p(a) = a, p(5) = b.

b B
= f(p)¢’ € Ry aplati o /f(x) dx = / fle(t)]¢(t)dt. (MbZeme pouzit oboma smermi.)

/1 — X2 dX Subst. x =sint xe( 1;1) 1=sin% V1I—x2=1/1-sin’t =cos?t = |cost| = cost
dx =costdt |t € (-%;F) | -1=sin(-3) cost > 0 pre vietky t € (=5 5

5 3 5 =
z/ cosztdtz/ ”%ﬂfdt:%/ ”[1+cos2t]dt:%{tjt—s'“z?f}_i
- - -2 2

ol

_ 1|z in T s sin (—) _ 1|z IS _ 1 T
_§[§+S2 —(—§+T)}—§[5+0—(—5+0)}—E'W—z-
2 R 21 1)dt = Subst. x =t2+1[te (-1;0)[xe€(1;2)[t=2 —x=5] 1 5. o
° tsin (t* +1) t_[ dx=2dt|te (0;2) |xe(1;5) t:—1>—>x:2} =2 [ sinxdx
1 ! ! 5 2
:%[—cost:%[—cosS—&—cosZ} = cos2ocosy
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04. Integrovanie parnych a neparnych funkcii

aceR mneN, m#n.

a+2m 27 27 . o
/ sin? (nx) dx = / sin (nx) dx = / 71_5052(2'”) dx = [% - ‘smz‘(.gZX)}
a 0 0

0

_ {%_sin(ZnQTr)_g_'_%} _ [w—0—0+o] _

a+2m 27 2 (2 ) o
2 - 2 . 1+cos (2nx _ | x sin 2nx
° / cos (nx)dx—/O cos (nx)dx_/0 = ldx = {5—&—72,2”}
a

0
_ [2% + sin(i:»ZTF) _ g _ si4nn0} _ {W-I-O—O—O] —
a+2m 27T 27T
° / sin (mx)sin (nx)dx = [ sin(mx)sin(nx)dx = / Cos(mx_"x)gcos(mXJ“”X) dx
a 0 0
_ |:sin (m=n)x  sin (m+n)><:|27r _ |:sin (m—n)2w  sin(m4n)2w  sin0 + sin 0 :| -0
2(m—n) 2(m+n) |4 2(m—n) 2(m+n) 2(m—n) 2(m+n) :

° /.Hziﬂn (mx) cos (nx)dx = /02Trsin (mx) cos (nx) dx = /Wsin (mx) cos (nx) dx = 0.

a —m

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

05 01 02 03 04

04. Integrovanie parnych a neparnych funkcii

%il) f(x,n):=sin(n*x)~2;

%ol) f(x,n) :sin (nx)?

%i2) integrate(f(x,n),x,0,2%%pi);
%02) — sin (4#4"37471‘"

%i3) integrate (f(x,n),x,a+0,a+2%*%pi);
%o03) S (2a4n’3—23n B 5in((2a+47r)r;):(—2a—4r)n

(

(

(

(

(

(

(%i4) ratsimp(%o3);
(%04) — sin ((2a+4m)n)—sin (2an)—4mn
(

(

(

(

(

(

4n
%i5) integrate(f(x,4),x,0,2*%pi);

%05) T

%i6) integrate (f(x,4) ,x,a+0,a+2%*%pi);
%06) sin (8136)783 sin (8a)—8a—167

16
%i7) ratsimp (%) ;
%08)
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04. Integrovanie parnych a neparnych funkcii

(%i1) f£(x):=sin(x)$
wxdraw2d (grid=true,xaxis=true,yaxis=true,
color=blue, explicit(f(x),x,0,2%%pi),border=false,
rectangle ([1,0],[2,£f(2)]),color=black,
label (["P1",1.5,0.2]),
rectangle ([4,f(4)],[5,0]),color=black,
label (["P2",4.5,-0.2]));

0.5 |-

-0.5 -
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04. Integrovanie parnych a neparnych funk

b
o Pripomerime, ze /f(x) dx urcuje oblast ohraniéenl f(x) a osou x.
a

(%il) f£(x):=sin(x)$
wxdraw2d (grid=true,xrange=[0,2*%pi],yrange=[-1,1],
Xaxis=true,yaxis=true,
title="Area Bounded by f(x) on [0,pi/2]",
fill_color=red,filled_func=true,filled_func=f(x),
explicit (0,x,0,%pi/2),filled_func=false,
color=blue,explicit (f(x),x,0,2*%pi));

Area Bounded by f(x) on [0,pi/2]

0.5 -

-0.5

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users /beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

05 01 02 03 04

04. Integrovanie parnych a neparnych funkcii

(%i1) f£(x):=sin(x)$
wxdraw2d (grid=true,xrange=[0,2*%pi] ,yrange=[-1,1],
Xaxis=true,yaxis=true,
title="Area Bounded by f(x) on [0,2pi]",
fill color=red,filled func=true,filled func=f(x),
explicit (0,x,0,2*%pi),filled_func=false,
color=blue,explicit (f(x),x,0,2*%pi));

Area Bounded by f(x) on [0,2pi]

0.5 |-

-0.5
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04. Integrovanie parnych a neparnych funkcii

(%i1) f£(x):=sin(x)$ g(x):=x/(2x*%pi)$
wxdraw2d (grid=true ,xaxis=true,yaxis=true,
xrange=[0,2*%pil ,yrange=[-1,1],
title="Area bounded between f(x) and g(x).",
fill color=red,filled func=true,filled_ func=f(x),
explicit (g(x),x,0,2*%pi),
filled_func=false,color=blue,key="f(x)",
explicit (f(x),x,0,2%%pi),color=brown,key="g(x)",
explicit(g(x),x,0,2%%pi));

Area bounded between f(x) and g(x).

f
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04. Integrovanie parnych a neparnych funkcii

(%il) f(x):=sin(x)$ g(x):=cos(x)$
wxdraw2d (grid=true ,xaxis=true,yaxis=true,
xrange=[0,2*%pil ,yrange=[-1,1],
title="Area bounded between sin(x) and cos(x).",
fill_color=red,filled_func=true,filled_func=f(x),
explicit(g(x),x,%pi/4,5%%pi/4),
filled_func=false,color=blue,key="f(x)",
explicit (f(x),x,0,2%%pi),color=brown,key="g(x)",
explicit(g(x),x,0,2%%pi));

Area bounded between sin(x) and cos(x).
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Dakujem za pozornost.

\Qs 0(9 Matematicka analyza podporovana wxMaxima \Qs 0‘9

beerb©frcatel.fri.uniza.sk
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